






AMP�ERE’S ELECTRODYNAMICS:

Analysis of the Meaning and Evolution of Amp�ere’s

Force between Current Elements,

together with a Complete Translation

of His Masterpiece, Theory of Electrodynamic

Phenomena, Uniquely Deduced from Experience

c
 A. K. T. Assis and J. P. M. C. Chaib



2



Contents

Acknowledgments 11

Foreword 13

General Remarks 15

I Amp�ere’s Force between Current Elements and the Meaning of Its Terms 17

1 Introduction 19
1.1 Andr�e-Marie Amp�ere . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
1.2 The Forces of Gravitation, Electrostatics and Magnetism . . . . . . . . . . . . . . . . . . . . 20
1.3 �rsted’s Experiment and Its Impact on Amp�ere . . . . . . . . . . . . . . . . . . . . . . . . . 21
1.4 The Introduction of the Words Electromagnetism, Electromagnetic, Eletrodynamic and Elec-

trostatics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2 Amp�ere’s Force and the Meaning of Its Terms 27
2.1 Amp�ere’s Force between Current Elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.1.1 Amp�ere’s Force in Vector Notation and in the International System of Units . . . . . 28
2.2 Amp�ere’s Conception of an Electric Current . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.3 Relation between the Sense of the Current and the Motion of the Charges Inside the Wire . 32
2.4 Di�erent Meanings of the Expressions \Sense of the Current" or \Direction of the Current" . 34
2.5 The Direction of the Force and Its Algebraic Sign . . . . . . . . . . . . . . . . . . . . . . . . 39
2.6 The Current Intensity and the Size of the Current Element . . . . . . . . . . . . . . . . . . . 40
2.7 The Distance between the Two Current Elements . . . . . . . . . . . . . . . . . . . . . . . . 41
2.8 The Angles Appearing in Amp�ere’s Force . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.8.1 The Angle between Two Current Elements . . . . . . . . . . . . . . . . . . . . . . . . 42
2.8.2 The Angle between the Planes Drawn through Each Element and the Straight Line

Joining the Midpoints of the Elements . . . . . . . . . . . . . . . . . . . . . . . . . . 44
2.8.3 The Angles between the Elements and the Straight Line Joining Their Midpoints . . 44

II Origins and Evolution of Amp�ere’s Force between Current Elements 51

3 Amp�ere’s Initial Experiments 55
3.1 Amp�ere’s Interpretation of �rsted’s Experiment . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.2 Orientation of a Magnetic Needle by a Current-Carrying Wire . . . . . . . . . . . . . . . . . 56
3.3 Attraction and Repulsion between a Magnetic Needle and a Current-Carrying Wire . . . . . 59
3.4 Discovery of the Closed Currents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.5 Reproducing the Attraction and Repulsion between Two Magnets . . . . . . . . . . . . . . . 61
3.6 Interaction between Current-Carrying Wires . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.6.1 Interaction between Spirals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
3.6.2 Interaction between Two Parallel Straight Wires . . . . . . . . . . . . . . . . . . . . . 64

3.7 Reproduction of the Directive Action of the Earth upon a Compass . . . . . . . . . . . . . . 65
3.8 �rsted’s Electrodynamic Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.9 �rsted’s Inverse Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3



3.10 Summary of Amp�ere’s Initial Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4 Initial Formulations of the Force between Current Elements 73
4.1 First Trial . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.2 Amp�ere’s First Publication with an Expression for the Force between Two Current Elements 79

4.2.1 The Addition Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
4.2.2 Theorem of the Nonexistence of Interaction between Orthogonal Current Elements . 85
4.2.3 The Article of December 1820 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.2.4 The Principle of Symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.3 Cases of Equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.3.1 Methods to Obtain the Force between In�nitesimal Elements . . . . . . . . . . . . . . 89
4.3.2 Astatic Coils . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.3.3 Case of Equilibrium of the Sinuous Wire . . . . . . . . . . . . . . . . . . . . . . . . . 91
4.3.4 Case of Equilibrium of Anti-Parallel Currents . . . . . . . . . . . . . . . . . . . . . . 94

5 Amp�ere’s Conception of Magnetism 101
5.1 Magnetism being due to Macroscopic Electric Currents Flowing in Magnets and in the Earth 101
5.2 Fresnel’s Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
5.3 Amp�ere and the Molecular Currents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
5.4 Names Given to the Molecular Currents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6 The Contributions of Biot and Savart 109
6.1 The Experiment with the Straight Wire . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
6.2 The Experiment of the Bent Wire . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
6.3 An Unexpected Result for Amp�ere: The Case of Equilibrium of Orthogonal Currents . . . . 115

7 How Amp�ere Obtained the Final Expression of His Force between Current Elements 119
7.1 Faraday’s Experiment of Continuous Rotation . . . . . . . . . . . . . . . . . . . . . . . . . . 119
7.2 Amp�ere’s Initial Experiments on Continuous Rotation . . . . . . . . . . . . . . . . . . . . . . 120

7.2.1 Reproduction of Faraday’s Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . 120
7.2.2 Obtaining Continuous Rotation Only with Terrestrial Magnetism . . . . . . . . . . . 121
7.2.3 Rotation of a Magnet around Its Axis . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
7.2.4 Obtaining Continuous Rotation Utilizing Only Current-Carrying Wires . . . . . . . . 125
7.2.5 Distinction between Continuous Rotation and Continuous Revolution . . . . . . . . . 127

7.3 Amp�ere’s Crucial Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
7.3.1 Amp�ere’s Wrong Prediction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
7.3.2 An Experimental Anomaly: The Case of Equilibrium of the Nonexistence of Continu-

ous Rotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
7.4 Transformations of the Force between Current Elements . . . . . . . . . . . . . . . . . . . . . 132

7.4.1 Force as a Function of the Angle between the Current Elements . . . . . . . . . . . . 132
7.4.2 Force Expressed in Terms of Partial Derivatives . . . . . . . . . . . . . . . . . . . . . 133

7.5 Obtaining the Value k = �1=2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
7.6 Two Remarkable Results Obtained by Amp�ere . . . . . . . . . . . . . . . . . . . . . . . . . . 139

III The Last Period of Amp�ere’s Electrodynamic Researches 141

8 Amp�ere’s New Experiments 143
8.1 The Case of Equilibrium of the Currents in a Semicircle . . . . . . . . . . . . . . . . . . . . . 143
8.2 Amp�ere’s Bridge Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
8.3 The Experiment Showing that n > 1 or that k < 0 . . . . . . . . . . . . . . . . . . . . . . . . 146

9 The Contributions of Savary 149
9.1 Obtaining a New Relation between the Constants n and k . . . . . . . . . . . . . . . . . . . 149
9.2 The Electrodynamic Analog of a Magnetic Pole . . . . . . . . . . . . . . . . . . . . . . . . . 153
9.3 Torque Exerted by a Current-Carrying Straight Wire Acting on an Electrodynamic Cylinder 157
9.4 Explanation of the Case of Equilibrium of Orthogonal Currents . . . . . . . . . . . . . . . . 158
9.5 Mutual Action between Two Electrodynamic Cylinders . . . . . . . . . . . . . . . . . . . . . 159

4



9.6 The Electrodynamic Analog of the Experiment of the Bent Wire . . . . . . . . . . . . . . . . 161
9.7 Biot and Savart’s Reactions to Savary’s Work . . . . . . . . . . . . . . . . . . . . . . . . . . 162
9.8 Amp�ere’s Reactions to Savary’s Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

10 Some Later Developments 167
10.1 The Directrix, the Directing Plane and the Force Exerted by a Closed Circuit of Arbitrary

Form Acting on an External Current Element . . . . . . . . . . . . . . . . . . . . . . . . . . 167
10.1.1 The Directrix Expressed in Vector Notation . . . . . . . . . . . . . . . . . . . . . . . 171
10.1.2 Relating the Directrix with the Magnetic Field . . . . . . . . . . . . . . . . . . . . . . 172

10.2 The Introduction of the Electrodynamic Solenoid . . . . . . . . . . . . . . . . . . . . . . . . 173
10.2.1 Interaction between a Solenoid and a Current Element . . . . . . . . . . . . . . . . . 174
10.2.2 Interaction between a Solenoid and a Closed Circuit of Arbitrary Form . . . . . . . . 177
10.2.3 Interaction between Two Simply Inde�nite Solenoids . . . . . . . . . . . . . . . . . . 178
10.2.4 Interaction between Two De�nite Solenoids and the Electrodynamic Analog of a Mag-

net . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
10.3 The Contributions of Poisson . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
10.4 The Case of Equilibrium of the Nonexistence of Tangential Force . . . . . . . . . . . . . . . . 182
10.5 The Case of Equilibrium of the Law of Similarity . . . . . . . . . . . . . . . . . . . . . . . . 185
10.6 Mapping Terrestrial Magnetism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
10.7 Equivalence between a Magnetic Dipole Layer and a Current-Carrying Closed Circuit . . . . 192
10.8 Final Synthesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

IV Controversies, Part 1: Most Scientists Against Amp�ere 197

11 �rsted Versus Amp�ere 201
11.1 �rsted’s Interpretation of His Own Experiment . . . . . . . . . . . . . . . . . . . . . . . . . 201
11.2 �rsted Against Amp�ere . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

11.2.1 The Mathematical Complication of Amp�ere’s Theory . . . . . . . . . . . . . . . . . . 204
11.2.2 Direct Action between current-carrying conductors, Without being Mediated by a Flux

of Electric Charges Circulating around the Wire . . . . . . . . . . . . . . . . . . . . . 205

12 Biot and Savart Versus Amp�ere 207
12.1 Biot and Savart’s Interpretation of �rsted’s Experiment . . . . . . . . . . . . . . . . . . . . . 207
12.2 Biot and Savart Against Amp�ere . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

13 Faraday Versus Amp�ere 211
13.1 Faraday’s Interpretation of �rsted’s Experiment . . . . . . . . . . . . . . . . . . . . . . . . . 211
13.2 Faraday Against Amp�ere . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212

14 Grassmann Versus Amp�ere 215
14.1 Grassmann’s Force between Current Elements . . . . . . . . . . . . . . . . . . . . . . . . . . 215

14.1.1 Grassmann’s Force in Modern Vector Notation . . . . . . . . . . . . . . . . . . . . . . 218
14.2 Grassmann Against Amp�ere . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

15 The Field Concept Versus Amp�ere’s Conception 221
15.1 Multiple De�nitions of the Magnetic Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
15.2 The Sources of the Magnetic Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224
15.3 The Force Exerted by a Magnetic Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225
15.4 The Field Concept Against Amp�ere’s Conception . . . . . . . . . . . . . . . . . . . . . . . . 225

V Controversies, Part II: Amp�ere Against Most Scientists 227

16 Amp�ere Against His Main Opponents 229
16.1 Amp�ere Against �rsted . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
16.2 Amp�ere Against Biot and Savart . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232
16.3 Amp�ere Against Faraday . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

5



16.4 \Amp�ere" Against Grassmann . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

16.5 \Amp�ere" Against the Field Concept . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

17 Errors Made by Biot and Savart in the \Deduction" of a Supposed Force Exerted by a
Current Element and Acting on a Magnetic Pole (the so-called Biot-Savart’s Law) 237

17.1 First Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

17.2 Second Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238

17.3 Third Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

18 Criticism Against the Hypothesis of a Magnetization of the Wire Due to the Flow of an
Electric Current 241

18.1 The Hypothesis of the Magnetization of the Wire Did Not Explain �rsted’s Experiment . . 241

18.1.1 Qualitative Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241

18.1.2 Quantitative Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243

18.2 The Principle of the Conservation of Living Forces . . . . . . . . . . . . . . . . . . . . . . . . 244

18.3 It is Not Possible to Explain Continuous Rotation with the Hypothesis of the Magnetization
of the Wire . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246

19 The Magnetic Poles and Dipoles are Disposable Hypotheses 249

19.1 Amp�ere Against the Existence of Magnetic Poles and Dipoles . . . . . . . . . . . . . . . . . . 249

19.2 Identi�cation of the Magnetic Fluid with the Galvanic Fluid . . . . . . . . . . . . . . . . . . 250

19.3 The Elementary Force Must Act between Entities of the Same Nature . . . . . . . . . . . . . 251

20 Defense of Action and Reaction along the Straight Line Connecting the Interacting
Bodies 255

20.1 Amp�ere Against the Rotational Action Around a Current-Carrying Wire . . . . . . . . . . . 255

20.1.1 Amp�ere Against �rsted’s Rotational Vortices . . . . . . . . . . . . . . . . . . . . . . . 255

20.1.2 Amp�ere Against the Rotational Actions of Biot, Savart and Faraday . . . . . . . . . . 256

20.1.3 \Amp�ere" Against the Rotational Magnetic Field . . . . . . . . . . . . . . . . . . . . 257

20.2 Amp�ere’s Criticisms Against the Primitive Couple . . . . . . . . . . . . . . . . . . . . . . . . 257

20.2.1 Primitive Couple of Biot and Savart . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258

20.2.2 Primitive Couple of Faraday . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

20.2.3 Primitive Couple of Grassmann . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

20.2.4 Primitive Force with the Concept of a Magnetic Field . . . . . . . . . . . . . . . . . . 260

20.2.5 Amp�ere Against the Primitive Couple . . . . . . . . . . . . . . . . . . . . . . . . . . . 260

20.3 Amp�ere Against the Violation of the Law of Action and Reaction . . . . . . . . . . . . . . . 261

20.4 Maxwell’s Appraisal of Amp�ere’s Force between Current Elements . . . . . . . . . . . . . . . 262

21 Three Experiments Illustrating the Confrontation of These Opposing Theories 263

21.1 Explanations for the Interaction between Two Current-Carrying Wires . . . . . . . . . . . . 263

21.1.1 Amp�ere’s Explanation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

21.1.2 �rsted Could Never Satisfactorily Explain the Interaction between Current-Carrying
Wires . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

21.1.3 Problems with Biot and Savart’s Explanation for the Interaction between Current-Car-
rying Wires . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264

21.1.4 Amp�ere Against Faraday’s Explanation for the Interaction between Current-Carrying
Wires . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267

21.2 Explanations for Amp�ere’s Bridge Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . 267

21.3 Explanations for the Rotation of a Magnet around Its Axis . . . . . . . . . . . . . . . . . . . 268

21.3.1 Faraday’s Explanation for the Rotation of a Magnet around Its Axis . . . . . . . . . 269

21.3.2 Biot’s Explanation for the Rotation of a Magnet around Its Axis . . . . . . . . . . . . 269

21.3.3 Amp�ere Against the explanations of Faraday and Biot . . . . . . . . . . . . . . . . . 270

21.3.4 Amp�ere’s Explanation for the Rotation of a Magnet around Its Axis . . . . . . . . . . 272

21.3.5 Explanation for the Rotation of a Magnet around Its Axis Utilizing the Field Concept 275

21.3.6 \Amp�ere" Against the Explanation of the Torque Utilizing the Magnetic Field . . . . 275

6



22 Uni�cation of the Magnetic, Electromagnetic and Electrodynamic Phenomena 279

22.1 The Attempt to Explain �rsted’s Experiment Supposing Only the Interaction between Mag-
netic Poles Does Not Lead to the Uni�cation of Magnetic, Electromagnetic and Electrody-
namic Phenomena . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279

22.2 Amp�ere’s Uni�cation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280

VI Complete English Translation of Amp�ere’s First Paper on Electrodynam-
ics 285

23 Amp�ere’s Works Translated into English 287

24 On the E�ects of Electric Currents [First Part] 289

24.1 Translator’s Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289

24.2 Translation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289

24.2.1 I. The Mutual Action of Two Electric Currents . . . . . . . . . . . . . . . . . . . . . 289

25 On the E�ects of Electric Currents [Second Part] 297

25.1 Translator’s Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 297

25.2 Translation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 298

25.2.1 Continuation of the First x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 298

25.2.2 II. Orientation of Electric Currents by the Action of the Terrestrial Globe . . . . . . 306

25.2.3 III. The Interaction Between an Electrical Conductor and a Magnet . . . . . . . . . . 310

VII Amp�ere’s Main Book on Electrodynamics 321

26 Introduction to Amp�ere’s Th�eorie 323

26.1 The Cases of Equilibrium Discussed in the Th�eorie . . . . . . . . . . . . . . . . . . . . . . . 323

27 Comparison of the Th�eorie Published in 1826 with the Th�eorie Published in 1827 325

27.1 Similarities and Di�erences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 325

27.2 Amp�ere’s Final Words . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 326

28 Observations about the English Translation 333

VIII Complete and Commented English Translation of Amp�ere’s Main Work
on Electrodynamics 337

29 Theory of Electrodynamic Phenomena, Uniquely Deduced from Experience 339

29.1 Exposition of the Path Followed in Research into the Laws of Natural Phenomena and the
Forces that They Produce . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 342

29.2 Description of the Experiments from which One Finds Four Cases of Equilibrium which Yield
the Laws of Action to which the Electrodynamic Phenomena are Due . . . . . . . . . . . . . 347

29.3 Development of the Formula which Expresses the Mutual Interaction of Two Elements of
Voltaic Currents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 356

29.4 Relation Given by the Third Case of Equilibrium between the Two Unknown Constants which
Enter in This Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 361

29.5 General Formulas which Represent the Action of a Closed Voltaic Circuit, or of a System of
Closed Circuits, on an Electric Current Element . . . . . . . . . . . . . . . . . . . . . . . . . 364

29.6 Experiment by which One Veri�es a Consequence of These Formulas . . . . . . . . . . . . . . 368

29.7 Application of the Preceding Formulas to a Circular Circuit . . . . . . . . . . . . . . . . . . 372

29.8 Simpli�cation of the Formulas when the Diameter of the Circular Circuit is Very Small . . . 374

29.9 Application to a Planar Circuit which Forms a Closed Curve of Arbitrary Shape, at First
in the Case where the Dimensions are All Very Small, and then when They are of Any Size
Whatsoever . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 375

7



29.10 Mutual Interaction of Two Closed Circuits Located in the Same Plane, First Assuming that
All the Dimensions are Very Small, and then in the Case where the Two Circuits are of Any
Form and Size Whatsoever . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 378

29.11 Determination of the Two Unknown Constants which Enter into the Fundamental Formula 379
29.12 Action of a Conducting Wire which Forms a Segment of a Circle on a Rectilinear Conductor

Passing Through the Center of the Segment . . . . . . . . . . . . . . . . . . . . . . . . . . . 381
29.13 Description of an Instrument Designed to Verify the Results of the Theory for Conductors of

This Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 382
29.14 Interaction of Two Rectilinear Conductors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 385
29.15 Action Exerted on an Element of Conducting Wire by an Assembly of Closed Circuits of

Very Small Dimensions, which Received the Name of Electrodynamic Solenoid . . . . . . . . 404
29.16 Action on a Solenoid Exerted by an Element or by a Finite Portion of a Conducting Wire,

by a Closed Circuit, or by a System of Closed Circuits . . . . . . . . . . . . . . . . . . . . . . 408
29.17 Interaction of Two Solenoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 412
29.18 Identity of Solenoids and Magnets when the Action Exerted on Them is from Conducting

Wires, or by Other Solenoids or Other Magnets. Discussion of the Consequences that can
be Drawn from This Identity, Relative to the Nature of Magnets and of the Action that one
Observes between the Earth and a Magnet or a Conducting Wire . . . . . . . . . . . . . . . 414

29.19 Identity of the Exerted Actions, either on the Pole of a Magnet, or on the Extremity of
a Solenoid, by a Closed Voltaic Circuit and by an Assembly of Two Very Closely Spaced
Surfaces Terminated by This Circuit, and on which are Spread and Fixed Two Fluids, such as
the Two Supposed Magnetic Fluids, Austral and Boreal, in a Manner such that the Magnetic
Intensity Is Everywhere the Same . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 426

29.20 Examination of the Three Hypotheses that are Proposed Concerning the Nature of the In-
teraction of an Element of a Conducting Wire and what is Called a Magnetic Molecule . . . 438

29.21 Impossibility of Producing an Inde�nitely Accelerating Movement Due to the Interaction of
a Closed Rigid Circuit and a Magnet, or of such a Circuit and an Electrodynamic Solenoid . 441

29.22 Examination of the Di�erent Cases where an Inde�nitely Accelerating Movement Can Result
from the Action that a Voltaic Circuit, of Which a Part is Movable with Respect to the Rest
of the Circuit, Exerts on a Magnet or on an Electrodynamic Solenoid . . . . . . . . . . . . . 441

29.23 Identity of the Mutual Interaction between Two Closed Voltaic Circuits with the Mutual In-
teraction between Two Assemblies, Each Composed of Two Very Closely Spaced Surfaces Ter-
minated by the Circuit Corresponding to Each Assemblage, and on Which the Two Magnetic
Fluids, Austral and Boreal, are Distributed and Fixed in such a manner that the Magnetic
Intensity is Everywhere the Same . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 454

29.24 Impossibility of Producing an Inde�nitely Accelerating Movement by the Interaction of Two
Rigid and Closed Voltaic Circuits and, Consequently, by the Interaction of Any Two Assem-
blages of Circuits of This Kind . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 456

29.25 Experiment which Has Just Con�rmed the Theory which Attributes the Properties of Magnets
to Electric Currents, Proving that a Spiral or Helical Conducting Wire Carrying a Current,
Su�ers, from a Moving Metallic Disc, an Action Totally Similar to that Discovered by M.
Arago between This Disc and a Magnet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 458

29.26 General Consequences of these Experiments and Calculations Relative to Electrodynamic
Phenomena . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 459

30 Notes [of the Th�eorie Published in 1826] on Di�erent Subjects Considered in This Trea-
tise 461
30.1 On the Method of Demonstrating Using the Four Cases of Equilibrium Explained at the Be-

ginning of This Treatise, that the Value of the Mutual Action of Two Elements of Conducting

Wires is � 2ii0

p
r

d2p
r

dsds0
dsds0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 461

30.2 On a Proper Transformation which Simpli�es the Calculation of the Mutual Action between
Two Rectilinear Conductors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 464

30.3 Application of This Transformation to the Determination of the Constant m which Appears
in the Formula by which One Expresses the Force which Two Elements of Conducting Wires
Exert on Each Other, and to the Determination of the Value of This Force which should be
Utilized when One Wishes to Calculate the E�ects Produced by the Mutual Action between
Two Rectilinear Conductors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 465

8



30.4 On the Direction of the Straight Line which I Designated under the Name of Directrix of the
Electrodynamic Action at a Given Point, when This Action is That of a Closed and Planar
Circuit in which All of the Dimensions are Very Small . . . . . . . . . . . . . . . . . . . . . . 469

30.5 On the Value of the Force that an Inde�nite Angular Conductor Exerts on the Pole of a Small
Magnet, and on the Value of the Force that a Parallelogrammic Conductor Situated in the
Same Plane Exerts on This Pole . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 471

31 Notes [of the Th�eorie Published in 1827] Containing Some New Developments on the
Subjects Considered in the Preceding Treatise 477
31.1 On the Method of Demonstrating Using the Four Cases of Equilibrium Explained at the Be-

ginning of This Treatise, that the Value of the Mutual Action of Two Elements of Conducting

Wires is � 2ii0

p
r

d2p
r

dsds0
dsds0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 477

31.2 On a Proper Transformation which Simpli�es the Calculation of the Mutual Action between
Two Rectilinear Conductors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 479

31.3 On the Direction of the Straight Line Designated in this Treatise under the Name of Directrix
of the Electrodynamic Action at a Given Point, when This Action is That of a Closed and
Planar Circuit in which All of the Dimensions are Very Small . . . . . . . . . . . . . . . . . . 481

31.4 On the Value of the Force that an Inde�nite Angular Conductor Exerts on the Pole of a Small
Magnet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 483

IX Conclusion 489

X Appendix 493

A Figures of the Th�eorie Drawn with Graphic Software 495

Bibliography 515

9



Letter from Amp�ere to his son, from September 1820:1

Depuis que j’ai entendu parler pour la premi�ere fois de la belle d�ecouverte de M. Oersted, professeur �a
Copenhague, sur l’action des courants galvaniques sur l’aiguille aimant�ee, j’y ai pens�e continuellement, je
n’ai fait qu’�ecrire une grande th�eorie sur ces ph�enom�enes et tous ceux dej�a connus de l’aimant, et tenter
des exp�eriences indiqu�ees par cette th�eorie, qui toutes on r�eussi et m’ont fait connaitre autant de faits
nouveaux.

Tricker:2

At the beginning of the year 1820 nothing was known of the magnetic action of an electric current.
By 1826 the theory for steady currents had been completely worked out. Since then, though newer
methods may have made the handling of the mathematical apparatus simpler and more concise, nothing
fundamental has been changed.

[...]

In the theory of gravitation, Newton was already provided with a knowledge of a range of the phenomena,
mainly through the medium of Kepler’s laws. Amp�ere had to discover the laws as well as provide the
theory, and thus do the work of Tycho Brahe, Kepler and Newton rolled into one.

Maxwell:3

The experimental investigation by which Amp�ere established the laws of the mechanical action between
electric currents is one of the most brilliant achievements in science. The whole, theory and experiment,
seems as if it had leaped, full grown and full armed, from the brain of the ‘Newton of electricity.’ It
is perfect in form, and unassailable in accuracy, and it is summed up in a formula from which all the
phenomena may be deduced, and which must always remain the cardinal formula of electro-dynamics.

Whittaker:4

[Amp�ere] published his collected results in one of the most celebrated memoirs in the history of natural
philosophy.

Williams5 comparing Amp�ere’s main work6 with Newton’s masterpiece of 1687, Mathematical Principles
of Natural Philosophy:7

Having established a noumenal foundation for electrodynamic phenomena, Amp�ere’s next steps were to
discover the relationship between the phenomena and to devise a theory from which these relationships
could be mathematically deduced. This double task was undertaken in the years 1821-1825, and his
success was reported in his greatest work, the M�emoire sur la th�eorie math�ematique des ph�enom�enes
�electrodynamique, uniquement d�eduite de l’exp�erience (1827). In this work, the Principia of electrody-
namics, Amp�ere �rst described the laws of action of electric currents, which he had discovered from four
extremely ingenious experiments.

1[Amp�ere, d] and [Launay (ed.), 1936a, pp. 562].
2[Tricker, 1965, pp. vii and 36].
3[Maxwell, 1954, vol. 2, article 528, p. 175].
4[Whittaker, 1973, p. 83].
5[Williams, 1981, p. 145]
6[Amp�ere, 1826f] and [Amp�ere, 1823c].
7[Newton, 1934], [Newton, 1990], [Newton, 1999], [Newton, 2008] and [Newton, 2010].
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Foreword

A. M. Amp�ere was a key contributor to modern physics. This volume provides English translations of
Amp�ere’s �rst paper and of his main work, Theory of Electrodynamic Phenomena Uniquely Derived from
Experiments. Detailed annotations are provided in order to clarify these ground-breaking publications. In
addition, there is extensive discussion of Amp�ere’s interaction with the scienti�c community in England,
France and the rest of Europe. This provides important context for a better understanding of his scienti�c
work and of the then current state of physics.

All of this material is of particular signi�cance since much of Amp�ere’s work has not been well-known.
Part of the reason for this may be that it was highly controversial in his time. In addition, as a mathematician,
he was outside the mainstream of physics. To physicists it seemed improbable that a mathematician could
design, implement and make e�ective use of revolutionary experiments, many of which were complex, quite
delicate and not previously contemplated. His genius as an experimentalist was not widely recognized.

Following Amp�ere, Maxwell further developed the subject into the General Theory of Electricity and
Magnetism. With this theory in place, the experiments seemed more obvious. However, Maxwell made clear
the signi�cance of Amp�ere’s work when he wrote:

The experimental investigation by which Amp�ere established the law of the mechanical action
between electric currents is one of the most brilliant achievements in science. The whole, theory
and experiment, seems as if it had leaped, full grown and full armed, from the brain of the
\Newton of Electricity". It is perfect in form, and unassailable in accuracy, and it is summed up
in a formula from which all the phenomena may be deduced, and which must always remain the
cardinal formula of electro-dynamics.

[J. C. Maxwell, A Treatise on Electricity and
Magnetism, Dover, New York, 1954, vol. 2, p. 175]

In conclusion, this treatise provides compeling reading for anyone with an interest in physics and its
history.

Michael D. Godfrey
Statistics Department
Stanford University
email: michaeldgodfrey@gmail.com
web: https://sites.google.com/site/michaeldgodfrey
Archive: https://archive.org/details/@m_d_godfrey
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General Remarks

This work is an English version of a book �rst published in 2011.14

All the words between square brackets [ ] in the quotations are ours. They were inserted to facilitate the
understanding of some passages or to clarify the meaning of some terms.

When we de�ne any physical concept in this book we utilize \�" as a symbol of de�nition.

14[Assis and Chaib, 2011].
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Amp�ere’s Force between Current
Elements and the Meaning of Its
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Chapter 1

Introduction

1.1 Andr�e-Marie Amp�ere

Andr�e-Marie Amp�ere, �gure 1.1, was born in Lyon, France, on 20 January 1775. He died on 10 June 1836,
during an inspection tour in Marseille, when he was 61 years old. He worked in many areas of knowledge
including physics, mathematics, chemistry, language and philosophy.

Figure 1.1: Portrait of Amp�ere (1775-1836) near the time of his marriage in 1799 when he was 24 years old,
[Hofmann, 1996, p. 12].

Some of the main aspects of Amp�ere’s life and his electrodynamics have been discussed by di�erent
authors from several perspectives.1 His correspondence has already been published.2 His manuscripts are
available in 40 boxes or cartons at the Archives of the Academy of Sciences of Paris.3 There are several �les
or chemises in these boxes and they are quoted by the box and �le numbers. They are available online at
the excellent homepage on Amp�ere and the history of electricity.4 Amp�ere’s autobiography written in 1824
has been published recently5 and the manuscript is kept at the Academy of Sciences of Paris.6

1[Launay, 1925], [Tricker, 1962], [Poudensan, 1964], [O’Rahilly, 1965], [Tricker, 1965], [Williams, 1981], [Blondel, 1982],
[Hofmann, 1982], [Williams, 1983], [Williams, 1989a], [Williams, 1989b], [Assis, 1992], [Graneau and Graneau, 1993],
[Assis, 1994], [Graneau, 1994], [Graneau and Graneau, 1996], [Hofmann, 1996], [Darrigol, 2000], [Bueno and Assis, 2001],
[Steinle, 2003], [Steinle, 2005], [Bueno and Assis, 2015] and [Assis, 2015b].

2[Launay (ed.), 1936b], [Launay (ed.), 1936a] and [Launay (ed.), 1943].
3[Blondel, 1978].
4[Blondel, 2005].
5[Amp�ere, 1982].
6[Amp�ere, b, carton 22, chemise 314].
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In this book we will concentrate on his work on electrodynamics which he developed between 1820 and
1826.

According to Williams:7

By 1820 Amp�ere had achieved a certain reputation as both a mathematician and a somewhat heterodox
chemist. Had he died before September of that year, he would be a minor �gure in the history of science.
It was the discovery of electromagnetism in the spring of 1820 which opened up a whole new world to
Amp�ere and gave him the opportunity to show the full power of his method of discovery.

1.2 The Forces of Gravitation, Electrostatics and Magnetism

Until the beginning of the XIXth century there were some separated branches of physics like gravitation,
electrostatics and magnetism. They were described by central forces which varied as the inverse square of
the distance r between the interacting bodies.

In 1687 Isaac Newton (1642-1727) published his masterpiece, Mathematical Principles of Natural Phi-
losophy.8 In this work he presented his famous law of universal gravitation. The force of gravitation is
proportional to the product of the masses m and m0 of the two interacting bodies, being always attractive.
It varies as the inverse square of the distance r between two point bodies. Mathematically the force is then
proportional to:

mm0

r2
: (1.1)

Augustin Coulomb (1738-1806) obtained in 1785 the law of force between two bodies electri�ed with
charges q and q0 separated by a distance r which was large compared with the diameters of the bodies. He
presented his results in two papers of 1785, published in 1788.9 He called these electri�ed bodies by di�erent
names, namely, \electrical masses," \electri�ed molecules," or \densities of electric 
uids."10

In the case of bodies electri�ed with charges of the same sign, Coulomb expressed himself as follows:11

Fundamental Law of Electricity

The repulsive force between two small spheres charged with the same sort of electricity is in the inverse
ratio of the squares of the distances between the centers of the two spheres.

For bodies electri�ed with charges of opposite signs, Coulomb concluded that:12

We have thus come, by a method absolutely di�erent from the �rst, to a similar result; we may therefore
conclude that the mutual attraction of the electric 
uid which is called positive on the electric 
uid which
is ordinarily called negative is in the inverse ratio of the square of the distances; just as we have found
in our �rst memoir, that the mutual action of the electric 
uid of the same sort is in the inverse ratio of
the square of the distances.

Up to now Coulomb mentioned only how the electric force varied with the distance between the electri�ed
bodies. It was only in the �nal section of his second memoir, when he recapitulated the major propositions
that resulted from his researches, that he mentioned that this force was proportional to the product between
the charges:13

Recapitulation of the subjects contained in this Memoir

From the foregoing researches, it follows that:

1. The electric action, whether repulsive or attractive, of the two electri�ed spheres, and therefore of two
electri�ed molecules, is in the ratio compounded of the densities of the electric 
uid of the two electri�ed
molecules and inversely as the square of the distances; [...]

7[Williams, 1981, p. 143].
8[Newton, 1934], [Newton, 1990], [Newton, 1999], [Newton, 2008] and [Newton, 2010].
9[Coulomb, 1785a], [Coulomb, 1785b], [Potier, 1884] and [Coulomb, 1935a].

10[Gillmor, 1971b] and [Gillmor, 1971a, pp. 190-192].
11[Coulomb, 1785a, p. 572], [Potier, 1884, p. 110] and [Coulomb, 1935a].
12[Coulomb, 1785b, p. 572], [Potier, 1884, p. 123] and [Coulomb, 1935a].
13[Coulomb, 1785b, p. 611], [Potier, 1884, p. 146] and [Gillmor, 1971a, pp. 190-191].
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Gillmor pointed out correctly that Coulomb did not speci�cally prove that the electric force law was
proportional to the product of the charges.14 Coulomb simply supposed this proportionality in qq0, although
he did not consider it important to demonstrate this result experimentally.

Let us suppose two electri�ed particles or point bodies at rest relative to one another, separated by a
distance r and electri�ed with charges q and q0. This force will be attractive for charges of opposite signs
and repulsive for charges of the same sign. Amp�ere used to consider an attractive force as positive and a
repulsive force as negative. With this supposition, the electrostatic force between these electri�ed bodies is
proportional to:

� qq0

r2
: (1.2)

This force is very similar to Newton’s law of gravitation, equation (1.1). Both force laws are directed
along the straight line connecting the bodies, they follow the law of action and reaction, and vary as the
inverse square of the distance between the bodies. Moreover, the electric force is proportional to the product
of the two charges, while the gravitational force is proportional to the product of the two gravitational
masses. It seems that Coulomb arrived at his force law more by analogy with Newton’s law of gravitation
than by his doubtful few measurements with the torsion balance.15

In order to describe the magnetic interaction between magnets, or the magnetic interaction between a
magnet and the Earth, Coulomb proposed in 1785 an expression describing the force between magnetic poles
considered as concentrated on particles or material points.16 Coulomb called the intensities of these poles
\magnetic densities of the 
uids."17 Nowadays these poles are called North pole of the magnet and South
pole of the magnet, with the North pole being considered positive, by convention.

Coulomb expressed himself in the following words:18

The magnetic 
uid acts by attraction or repulsion in a ratio compounded directly of the density of the

uid and inversely of the square of the distance of its molecules.

The �rst part of this proposition does not need to be proved; let us pass to the second. [...]

Let p and p0 be the intensities of two magnetic poles (magnetic pole-strengths) separated by a distance
r. The force will be attractive for poles of opposite type and repulsive for poles of the same type. We can
represent the North pole as positive and the South pole as negative. We can also consider an attractive force
as positive and a repulsive force as negative. We can then represent the magnetic force between two poles
as being proportional to:

� pp0

r2
: (1.3)

Gillmor also pointed out correctly that Coulomb did not deduce experimentally that the force between
two magnetic poles was proportional to the product of the pole-strengths.19 Coulomb only implied that this
force was proportional to the product pp0, although he did not perform experiments to test this statement.
According with his words just quoted, he did not consider it necessary to prove experimentally this aspect
of the law. This statement of Coulomb does not seem correct to us. It would be necessary to verify
experimentally this essential aspect of the force between two magnetic poles, before one could reach the
conclusion that this was a law of nature. The same happens with the electric force being proportional to the
product of the two charges.

1.3 �rsted’s Experiment and Its Impact on Amp�ere

It was known for a long time that a horizontal magnetic needle, like a compass needle, which is free to rotate
around a vertical axis connected to its center will orient itself relative to the ground. After being released
from rest in an arbitrary orientation relative to the geographic North-South meridian of the Earth, it will
normally acquire another orientation. This new orientation is called the local magnetic meridian, being

14[Gillmor, 1971b] and [Gillmor, 1971a, pp. 190-192].
15[Heering, 1992].
16[Coulomb, 1785b], [Potier, 1884] and [Coulomb, 1935b].
17[Gillmor, 1971b] and [Gillmor, 1971a, pp. 190-192].
18[Coulomb, 1785b, p. 593], [Potier, 1884, p. 130] and [Coulomb, 1935b, p. 417].
19[Gillmor, 1971b] and [Gillmor, 1971a, pp. 190-192].
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an imaginary great circle line connecting the so-called magnetic South and North poles of the Earth. The
magnetic South pole of the Earth is close to its geographic North pole, while the magnetic North pole of
the Earth is close to its geographic South pole. In the XVIII and early XIXth centuries it was supposed
that a magnetic needle was composed of a North pole and a South pole of equal magnitudes located at the
extremities of a thin needle and separated by its length. In order to understand the orientation of a magnetic
needle due to the magnetic in
uence of the Earth, it was usually supposed that the North pole of a magnetic
needle was attracted by the magnetic South pole of the Earth, close to its geographic North pole, while the
South pole of a magnetic needle was attracted by the magnetic North pole of the Earth, close to its South
pole.

There was a great turning point for electric researches in 1800 when Alessandro Volta (1745-1827) pub-
lished a work describing his invention of the electric pile or battery.20 With this instrument and with the
improved devices following Volta’s discovery, scientists had at their disposal, for the �rst time, a reliable
source of small voltage and constant electric current. Volta’s invention created a revolution in technology
and also in the experimental and theoretical study of electricity in motion.

Hans Christian �rsted (1777-1851),21 �gure 1.2, was a Danish physicist and chemist who worked with
the pile. In 1820 he observed the de
ection of a magnetic needle from the magnetic meridian when there
was a constant electric current 
owing in a long wire which was close to the needle.22 �rsted’s discovery
marks the beginning of electromagnetism, that is, of the systematic study of the relation between electric
and magnetic phenomena.

Figure 1.2: H. C. �rsted.

�rsted expressed some of his discoveries as follows:23

The opposite ends of the galvanic battery were joined by a metallic wire, which, for shortness sake, we
shall call the uniting conductor, or the uniting wire. To the e�ect which takes place in this conductor
and in the surrounding space, we shall give the name of the con
ict of electricity.

Let the straight part of this wire be placed horizontally above the magnetic needle, properly suspended,
and parallel to it. If necessary, the uniting wire is bent so as to assume a proper position for the
experiment. Things being in this state, the needle will be moved, and the end of it next the negative
side of the battery will go westward.

If the distance of the uniting wire does not exceed three-quarters of an inch from the needle, the dec-
lination of the needle makes an angle of about 45o. If the distance is increased, the angle diminishes
proportionally. The declination likewise varies with the power of the battery.

[...]

If the uniting wire be placed in a horizontal plane under the magnetic needle, all the e�ects are the same
as when it is above the needle, only they are in an opposite direction; for the pole of the magnetic needle
next the negative end of the battery declines to the east.

20[Volta, 1800a], [Volta, 1800b], [Volta, 1964] and [Magnaghi and Assis, 2008].
21The Danish name of �rsted is Hans Christian �rsted, [�rsted, 1986, n. 2]. His Latinized name received several forms like

�Orsted, OErsted, Oersted or OErstedt. In this book we will utilize the �rsted format, except when quoting original sources
which utilized other formats of his name.

22[Oersted, 1820], [Oersted, 1965], [Franksen, 1981], [�rsted, 1986], [�rsted, 1998b], [�rsted, 1998a] and
[Wol� and Blondel, 2005]. Recently we reproduced �rsted’s original experiment with simple materials,
[Chaib and Assis, 2007c].

23[Oersted, 1820, pp. 274-275], [Oersted, 1965, pp. [114-115] and [�rsted, 1986, pp. 116-120].
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That these facts may be more easily retained, we may use this formula|the pole above which the negative
electricity enters is turned to the west; under which, to the east.

This experiment is illustrated in �gure 1.3.

i =  0 i 0!
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Figure 1.3: Representation of �rsted’s experiment with the horizontal wire above the magnetic needle. In (a) and
(b) the needle points along the magnetic meridian while there is no electric current in the wire. In (c) there is a
constant current 
owing from the South towards the North. The needle is deviated from the magnetic meridian, with
its North pole going westward.

When the horizontal wire is located below the needle, the opposite phenomenon takes place. In this case
the North pole of the needle goes eastward, as represented in �gure 1.4.
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Figure 1.4: Representation of �rsted’s experiment with the horizontal wire below the magnetic needle. In (a) and
(b) the needle points along the magnetic meridian while there is no electric current in the wire. In (c) there is a
constant current 
owing from the South towards the North. The needle is deviated from the magnetic meridian, with
its North pole going eastward.

�rsted did not publish his work in any scienti�c journal. He wrote it in Latin, with four pages, sending it
as a brochure to several scientists on 21 July 1820. It caused a sensation, being translated and published in
several scienti�c journals. Arago (1786-1853) described �rsted’s work to the Academy of Sciences in Paris
on 4 September 1820. Due to the generalized disbelief, he repeated this experiment to the members of the
Academy on 11 September 1820.

One of the reasons for this incredulity was due to the fact that �rsted’s experiment seemed to go against
the ideas of symmetry of that time. Consider the situation of �gure 1.3 (a) and (b) when there is no current
in the wire. The horizontal wire and the magnetic needle de�ne a vertical plane. There is nothing which
seems to privilege one side of this vertical plane relative to the other side. However, �rsted’s experiment
indicated that, when there was a constant electric current 
owing in the wire, from the South towards the
North, the North pole of the needle remained inclined westward relative to the vertical plane. That is, in
the new equilibrium con�guration of the needle its North pole pointed between the Earth’s North and West
directions. The angle of deviation of the axis of the needle relative to the magnetic meridian was shown
to depend on the power of the battery and on the distance between the straight wire and the center of the
needle. When this distance was 3=4 of an inch, �rsted observed a deviation of 45o. There seemed to be a
symmetry breaking in this experiment. It would be more natural to expect that the North pole of the needle
were attracted or repelled by the current-carrying wire, remaining in the vertical plane. This deviation of
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the North pole of the needle towards one of the sides of the vertical plane was totally unexpected. This new
e�ect attracted the attention of many scientists.

Amp�ere believed in the existence of the e�ect described by Oersted since he �rst heard of it, as we
can conclude from the letter he sent to his son.24 He also saw Arago’s repetition of �rsted’s experiment
made at the Academy of Sciences of Paris. He soon began to work intensely on this new subject. He
interpreted �rsted’s experiment and all magnetic phenomena already known for a long time as being due to
an interaction between current elements. To this end it was necessary to suppose the existence of electric
currents inside the Earth and inside the normal magnets. According to Amp�ere, these electric currents
would be responsible for the so-called magnetic properties of these bodies. All these phenomena would
be then due to a single principle, namely, the force between current-carrying conductors. With this new
hypothesis, Amp�ere expected to explain and unify not only the magnetic phenomena known for a long time,
as the interaction between two magnets or the interaction between the Earth and a magnetic needle, but
also the phenomenon discovered by �rsted of a torque produced by a current-carrying wire and acting upon
a magnetic needle. Moreover, from this hypothesis Amp�ere was able to predict a new phenomenon, not yet
observed by anyone before him. This new phenomenon was the interaction between two current-carrying
wires. He soon performed experiments showing the existence of this new interaction.

In 1822 Amp�ere arrived at his �nal mathematical expression describing the interaction between two
current-carrying elements.25 With this expression he could explain the magnetic phenomena, �rsted’s dis-
covery and all of his own experiments describing the torque and force which he observed between current-
carrying wires. In November 1826 he published his main work on this subject: Theory of Electrodynamic
Phenomena, Uniquely Deduced from Experience.26 It will be called here simply the Th�eorie. This work
was also published in 1827 by the Academy of Sciences of Paris.27 In all of our quotations of this work
we will indicate the pages of the editions published in 1826 and 1827. The pagination of the 1827 edition
coincides with that of the reprinted edition which took place in 1990.28 English and Portuguese translations
are available.29 In Appendix VIII we include a complete and commented English translation of the Th�eorie.

In our book we will �rst present the meaning of the terms appearing in Amp�ere’s force between current
elements. We will then analyze in detail the path followed by Amp�ere in order to arrive at his mathematical
expression. We will quote his papers published from 1820 onwards. We will also quote the Collection
of electrodynamic observations, containing several articles, notes, extracts from letters or from papers in
scienti�c journals, relative to the mutual action between two electric currents, to the existing action between
an electric current and a magnet or the terrestrial globe, and to the mutual action between two magnets.30

This work will be called here simply the Recueil. This Collection was published in 1822. Next year Amp�ere
republished the work. All of our quotations will be taken from this work of 1823.31 It includes a work of
Savary which was read at the Academy of Sciences of Paris on April 18, 1823,32 and a letter from Amp�ere
to Faraday, dated 18 April 1823,33 which does not appear in the Table of Contents printed at the end of this
work. On the cover of the Recueil published in 1823 the publication date is erroneously given as 1822.

It should be mentioned here that some papers by Amp�ere were printed without the author’s name.
Some of these papers were written in the third person. However, it is known that these works were written
by Amp�ere due to the fact that there are some of his manuscripts with the exact content of these works.
Although written in the third person, the calligraphy is Amp�ere’s. There are also some of his unpublished
manuscripts written in the third person, like chemise 156 of carton 8.34

24[Amp�ere, d] and [Launay (ed.), 1936a, pp. 562].
25[Amp�ere, 1822o], [Amp�ere, 1822y] and [Amp�ere, 1885p].
26Th�eorie des ph�enom�enes �electro-dynamiques, uniquement d�eduite de l’exp�erience, [Amp�ere, 1826f].
27[Amp�ere, 1823c].
28[Amp�ere, 1990].
29[Amp�ere, 1965b], [Chaib, 2009], [Assis and Chaib, 2011] and [Amp�ere, 2012].
30Recueil d’observations �electro-dynamiques, contenant divers m�emoires, notices, extraits de lettres ou d’ouvrages p�eriodiques

sur les sciences, relatifs �a l’action mutuelle de deux courans �electriques, �a celle qui existe entre un courant �electrique et un
aimant ou le globe terrestre, et �a celle de deux aimans l’un sur l’autre.

31[Amp�ere, 1822w].
32[Savary, 1822].
33[Amp�ere, 1822l].
34[Amp�ere, b, carton 8, chemise 156].
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1.4 The Introduction of the Words Electromagnetism, Electromag-

netic, Eletrodynamic and Electrostatics

In order to characterize his discovery of an interaction between a current-carrying wire and a magnetic needle,
�rsted created two new words, namely, electromagnetic and electromagnetism. These expressions appeared
for the �rst time in the titles of the articles which he published in 1820 and 1821, New electro-magnetic
experiments and Observations on electro-magnetism.35

In 1820 Amp�ere discovered a new phenomenon, namely, the attractions and repulsions between current-
carrying conductors. In order to distinguish this new set of phenomena from the electromagnetic phenomena
discovered by �rsted, Amp�ere created two new expressions, namely, electrostatic and electrodynamic phe-
nomena. Electrostatics should include the attractions and repulsions between electri�ed bodies which were
at rest relative to one another. Electrodynamics, on the other hand, should include the attractions and
repulsions between current-carrying wires:36

The word electromagnetic, given to the phenomena produced by the conducting wire of Volta’s pile, could
only describe these phenomena conveniently at the time in which there were known only those phenomena
discovered by M. OErsted between an electric current and a magnet. I believe that I should utilize the
denomination electrodynamic, in order to combine in a single word all those phenomena and, especially,
to designate those phenomena which I discovered between two voltaic conductors. This name expresses
the characteristic property of these phenomena, namely, to be produced by electricity in motion; while
the attractions and repulsions known for a long time are the electrostatic phenomena produced by the
unequal distribution of electricity at rest in the bodies in which these phenomena are observed.

In other publications Amp�ere made similar statements.37 In particular, he mentioned that in electrody-
namic phenomena the presence of a magnet is not necessary:38

Ever since I discovered the mutual action between two voltaic conductors, which evidently has the same
nature as the action of a conductor upon a magnetized bar, and which acts without the assistance

of any magnet, the name of electromagnetic action, which I utilize here only to conform myself to the
common use, would no longer be convenient to designate this kind of action. I think that it should be
[known] under the name of electrodynamic action.

In this book we will utilize the following nomenclature:

� Electrostatic phenomena: Forces and torques between electri�ed bodies which are at rest relative to
one another.

� Magnetic phenomena: Forces and torques between magnets, together with the torques exerted by the
Earth on magnets (orientation of compass and dip needles).

� Electromagnetic phenomena: Forces and torques between a current-carrying conductor and a magnet,
together with the forces and torques exerted by the Earth on current-carrying conductors.

� Electrodynamic phenomena: Forces and torques between current-carrying conductors.

35[�rsted, 1998c, p. 421], [�rsted, 1998f, p. 426], [Grattan-Guinness, 1990a, p. 920] and [Grattan-Guinness, 1991, p. 116].
36[Amp�ere, 1822d, p. 60].
37[Amp�ere, 1822i, p. 62], [Amp�ere, 1822j, p. 200], [Amp�ere, 1822e, p. 237], [Amp�ere, 1885e, p. 239], [Amp�ere, 1885d, p.

192], [Blondel, 1982, p. 78] and [Benseghir, 1989].
38[Amp�ere, 1822j, note on p. 200] and [Amp�ere, 1885e, note on p. 239], our emphasis in boldface.
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Chapter 2

Amp�ere’s Force and the Meaning of
Its Terms

2.1 Amp�ere’s Force between Current Elements

In 1822 Amp�ere obtained his �nal expression for the force acting between two current elements ids and i0ds0

separated by a distance r, namely:1

ii0dsds0

rn
(sin� sin� cos 
 + k cos� cos�) : (2.1)

In the Th�eorie of 1826 this force appeared as follows:2

ii0dsds0

rn
(sin � sin �0 cos! + k cos � cos �0) ; (2.2)

and

ii0dsds0

rn
(cos "+ h cos � cos �0) : (2.3)

In these equations the letters n, k and h represented constants. Their values were obtained by Amp�ere
and are given by, respectively:3

n = 2 ; (2.4)

k = �1

2
; (2.5)

and

h = k � 1 = �3

2
: (2.6)

Amp�ere’s force between current elements has a much more complex structure than the gravitational,
electric and magnetic forces expressed by equations (1.1), (1.2) and (1.3). In the following Sections we will
discuss the meanings of the angles �, � and 
 (or �, �0 and !, respectively), together with the meaning of
the angle ". In his works Amp�ere did not explain the reasons for utilizing di�erent letters to represent the
same angle, like the use of the letters � and � representing the same angle.

1[Amp�ere, 1822o, pp. 412 and 420].
2[Amp�ere, 1826f, p. 32], [Amp�ere, 1823c, Amp�ere, 1990, p. 204] and [Amp�ere, 1965b, p. 176].
3[Amp�ere, 1822o], [Amp�ere, 1826f, pp. 32, 50, 55 and 202] and [Amp�ere, 1823c, Amp�ere, 1990, pp. 204, 232, 237 and 374].
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2.1.1 Amp�ere’s Force in Vector Notation and in the International System of
Units

Let f represent the force between interacting bodies. It is possible to write equations (1.1) up to (1.3) in
terms of equalities utilizing dimensionless constants of proportionality. We then obtain the gravitational,
electric and magnetic forces as follows, respectively:

f =
mm0

r2
; (2.7)

f = �qq0

r2
; (2.8)

and

f = �pp0

r2
: (2.9)

In the International System of Units and in vector notation equations (2.7) up to (2.9) can be written as
follows:

~FM 0 on M = �GMM 0 r̂

r2
= �~FM on M 0 ; (2.10)

~FQ0 on Q =
QQ0

4�"0

r̂

r2
= �~FQ on Q0 ; (2.11)

and

~FP 0 on P =
�0

4�
PP 0 r̂

r2
= �~FP on P 0 : (2.12)

In these equations the forces ~F are expressed in newtons (N), the magnitudes M and M 0 represent the
masses of the interacting bodies expressed in kilograms (kg), G = 6:67 � 10�11 Nm2=kg2 is the constant
of universal gravitation, the magnitudes Q and Q0 represent the charges of the electri�ed bodies expressed
in coulombs (C), "0 = 8:85 � 10�12 A2s2N�1m�2 is an electric constant called vacuum permittivity or
permittivity of free space, the magnitudes P and P 0 represent the magnetic poles of a magnet expressed in
ampere-meters (Am), while �0 � 4�� 10�7 kgmA�2s�2 is a magnetic constant called vacuum permeability
or permeability of free space. The distance between the two point particles which are interacting with one
another is represented by r, while r̂ represents the unit vector pointing from M 0 to M , from Q0 to Q, or
from P 0 to P , respectively.

A comparison of equations (2.8) and (2.11) representing the force between two electri�ed bodies shows
that the system of units with a dimensionless constant of proportionality can be expressed in the International
System of Units by performing the following substitution:

qq0 , QQ0

4�"0
: (2.13)

Likewise, a comparison of equations (2.9) and (2.12) representing the force between two magnetized
bodies shows that the system of units with a dimensionless constant of proportionality can be expressed in
the International System of Units by performing the following substitution:

pp0 , �0

4�
PP 0 : (2.14)

Let d2f represent the force between two current elements. Equation (2.3) expressed in terms of an
equality utilizing a dimensionless constant of proportionality can be written as follows:

d2f =
ii0dsds0

rn
(cos "+ h cos � cos �0) : (2.15)
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Likewise, in modern vector notation and in the International System of Units, Amp�ere’s force d2 ~FA
I0ds0 on Ids,

exerted by the current element I 0d~s 0 on the current element Id~s, is given by:4

d2 ~FA
I0ds0 on Ids = ��0

4�
II 0 r̂

r2
[2(d~s � d~s 0) � 3(r̂ � d~s)(r̂ � d~s 0)] = �d2 ~FA

Ids on I0ds0 : (2.16)

In this equation r is the distance between the centers of these two current elements, I � 0 and I 0 � 0
represent the current intensities in the International System of Units, that is, expressed in amperes (A),
the magnitudes d~s and d~s 0 represent the in�nitesimal lengths of the two current elements, pointing along
the sense of the currents I and I 0 in each current element, while r̂ is the vector of unit magnitude pointing
from the center of d~s 0 towards the center of d~s. Amp�ere’s force between current elements is a central force,
pointing along the straight line connecting both current elements. It satis�es Newton’s action and reaction
law in the strong form. That is, the force exerted by I 0d~s 0 on Id~s is not only equal and opposite to the force
exerted by I 0d~s 0 on Id~s, but is also along the straight line connecting these two current elements.

As will be discussed in this book, we have the following relations:

d~s � d~s 0 = dsds0 cos " ; (2.17)

r̂ � d~s = ds cos � ; (2.18)

and

r̂ � d~s 0 = ds0 cos �0 : (2.19)

Applying equations (2.17) up to (2.19) into equation (2.16) yields:

d2 ~FA
I0ds0 on Ids = ��0

4�

II 0dsds0

r2
(2 cos "� 3 cos � cos �0) r̂ = �d2 ~FA

Ids on I0ds0 : (2.20)

We can compare equation (2.20) with equation (2.15) utilizing equation (2.6). We conclude that all
results obtained by Amp�ere for the force between current elements, for the force exerted by a closed circuit
acting on a current element of another circuit, and also for the force between two closed circuits, can be
expressed in the International System of Units utilizing the following substitution:

ii0 , �0

2�
II 0 : (2.21)

In this equation (2.21) the intensities of the currents i and i0 are expressed in the system of units
introduced by Amp�ere (called nowadays the electrodynamic system of units), while the intensities of the
currents I and I 0 are expressed in the International System of Units, that is, in amperes (A).

Before showing the path followed by Amp�ere to arrive at his force between current elements, we will
present the meaning of the main components of his force. This discussion will be helpful in understanding
his approach and his explanation of the magnetic phenomena based only on the interaction between electric
currents.

2.2 Amp�ere’s Conception of an Electric Current

Amp�ere’s excitement with �rsted’s new discovery and his full commitment to investigate this subject are
extremely well described in a letter he wrote to his son between 19 and 25 September 1820:5

[...] I regret for not sending this letter three days ago [...], but all my time has been taken up by an
important circumstance in my life. Ever since I heard for the �rst time about the discovery by M.
Oersted, professor at Copenhagen, of the action of galvanic currents on the magnetized needle, I have
been thinking continuously on this subject, and the only thing I have been doing is to write a great
theory about this phenomenon and about all those phenomena already known about the magnet, and
to perform experiments suggested by this theory, all of which have been successful and made me know
several new facts.

4[Assis, 1992, Chapter 3], [Assis, 1994, Chapter 4], [Assis, 1998, Section 11.2], [Assis, 1999a, Section 11.2], [Assis, 1999b, p.
151], [Bueno and Assis, 2001, Section 5.1], [Assis and Hernandes, 2007, Section 1.4], [Assis and Hernandes, 2009, Section 1.4],
[Assis and Hernandes, 2013, Section 1.4], [Assis, 2013, Section 2.8], [Assis, 2014, Section 2.8], [Bueno and Assis, 2015, Section
5.1] and [Assis, 2015b, Chapter 3].

5[Amp�ere, d], [Launay (ed.), 1936a, pp. 561-562], [Blondel and Wol�, a] and [Blondel and Wol�, b].
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This is an important letter in several aspects. In the �rst place, it shows Amp�ere’s full commitment with
this subject since he became aware of �rsted’s discovery. In the second place, it indicates his initial desire to
present a new theory about the magnetic and electromagnetic phenomena. As will be seen in this book, this
theory is based on the interaction between electric currents. In the third place, the letter indicates that the
expression utilized initially by Amp�ere in order to describe what happens in a wire, by connecting it to the
terminals of a voltaic battery, is \galvanic current", as was common at that time. He utilized this expression
in other publications.6 �rsted had created a new name, \electric con
ict".7 A third expression which was
utilized sometimes was \voltaic current". Amp�ere himself utilized the word \voltaic" in his �rst published
paper about electrodynamics, when comparing the usual electrostatic attractions and repulsions with the
new attractions and repulsions which he had discovered between conductors carrying steady currents:8

Let us consider now to what [aspect] is due the di�erence of these two kinds of phenomena completely
distinct, of which one consists in the tension and in the attractions or repulsions which have been known
for a long time, and the other phenomenon consists in the decomposition of water and in a great number
of other substances, in the changes of direction of the [magnetized] needle, and in a kind of attractions
and repulsions totally di�erent from the ordinary electric attractions and repulsions; which I believe has
been �rst recognized by myself, and which I designated voltaic attractions and repulsions, in order to
distinguish them from these last [ordinary electric attractions and repulsions].

In the errata appearing on page 223 of the Annales de Chimie et de Physique of 1820 we read that the
word \voltaic" in the expression attractions et r�epulsions volta��ques should be replaced by the expression
des courans �electriques, \of the electric currents." The expression \voltaic current" still appeared in the
Th�eorie.9

From 1820 onwards Amp�ere began to utilize systematically the expression \electric current" instead of
\galvanic current" in almost all of his publications about electrodynamics:10

[...] the galvanic current, a denomination which I believe should be changed to that of electric current,
[...]

He was not the �rst to utilize the expression \electric current", as it already appeared, for instance, in
Volta’s paper of 1800 in which he described his invention of the electric pile:11

All this shows that, if the contact of the metals with each other in some points only be su�cient (as they
are excellent conductors) to give a free passage to a moderately strong current of electricity, the case is
not the same with liquids, or bodies impregnated with moisture, which are conductors much less perfect;
and which, consequently, have need of more ample contact with metallic conductors, and still more with
each other, in order that the electric 
uid may easily pass, and that it may not be too much retarded in
its course; especially when it is moved with very little force, as in the present case.

[...] One might be surprised that in this circle the electric current having a free passage through an
uninterrupted mass of water, [...]

Probably Volta utilized the expression \electric current" in order to oppose the concept of \animal
electricity" which was being advocated by Galvani (1737-1798). According to Volta, the phenomena observed
in Galvani’s experiments and with his own electric pile were similar to the discharge of Leyden jars (except for
being permanent and almost constant in time, instead of being short lived). The Leyden 
asks accumulated
electricity generated by friction. In his chemise 156 Amp�ere admitted that the expression \electric current"
had already been utilized by other researchers:12

The pile itself acts in these experiments as any other part of the voltaic circuit [that is, it de
ects a
magnetic needle as in �rsted’s original experiment] with this single di�erence, namely, that the dispo-
sition13 of electricity which happens in the conductor from the zinc pole [positive pole] to the copper

6[Amp�ere, 1820a, p. 238] and [Amp�ere, a, p. 1].
7[Oersted, 1820], [Oersted, 1965] and [�rsted, 1986], [Martins, 1986], [Franksen, 1981, pp. 28-30: Why \Con
ictus"],

[Benseghir and Closset, 1993] and [Benseghir and Closset, 2001].
8[Amp�ere, 1820c, pp. 61-62] and [Chaib and Assis, 2007d, p. 93].
9[Amp�ere, 1826f, pp. 27 and 172], [Amp�ere, 1823c, Amp�ere, 1990, pp. 199 and 344] and [Amp�ere, 1965b, p. 172].

10[Amp�ere, 1820f, p. 197] and [Chaib and Assis, 2009b, p. 133].
11[Volta, 1800a, pp. 408-409 and 415], [Volta, 1800b, p. 293 and 299], [Volta, 1964, pp. 115 and 120] and

[Magnaghi and Assis, 2008, pp. 124 and 129], our emphasis.
12[Amp�ere, b, carton 8, chemise 156].
13Disposition in French, which may also be understood as arrangement or motion in this case.
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pole [negative pole] exists on the contrary in the interior of the pile from the copper pole to the zinc
pole; Amp�ere called this disposition the electric current, in agreement with the usage of other physicists,
but without attempting to pronounce himself, by adopting this expression, on the mode of action of the
electricity upon the voltaic circuit. The sense of the electric current being so de�ned [...]

In his �rst paper on electrodynamics, Amp�ere expressed his conception of an electric current.14 He �rst
distinguished the phenomena due to an \electric tension", from those due to an \electric current". In the
�rst category, related to electric tensions, he included the usual phenomena of electrostatics, which take place
when the positive and negative charges are separated by an insulator (like the electri�ed bodies attracting
light bodies or the attraction between oppositely charged bodies, with these bodies separated by air or by
another insulating medium). The discovery of insulators and conductors of electricity is due to Stephen
Gray (1666-1736), being published in 1731.15 The hypothesis about the existence of two kinds of electricity,
nowadays called positive and negative charges, is due to Du Fay (1698-1739) in 1733.16 A detailed discussion
of the experimental and historical foundations of electricity, with many quotations from the works of Gray
and Du Fay, and a reproduction of some of their main experiments with simple and cheap materials, can be
found in our books published between 2010 and 2015.17

In the second category, related to electric currents, Amp�ere included the phenomena which take place
when we connect bodies oppositely electri�ed through a conducting medium (chemical decomposition of
substances, de
ection of a magnetic needle from the magnetic meridian when the needle is close to a current-
carrying wire, attractions and repulsions between current-carrying wires, etc.) He then said:18

But when the two bodies, or two systems of bodies, between which the electromotive action takes place
are in contact via conducting bodies between which the electromotive action is not equal and opposite
to the �rst so as to maintain the state of electric equilibrium and hence the tensions, these tensions
vanish, or at least become very small, and characteristic phenomena occur. Since the arrangement of the
bodies between which the electromotive action takes place is otherwise the same, the action doubtless
continues, and since the mutual attraction of the two electricities, as measured by the di�erence between
the electric tensions which has become zero, or else is considerably diminished, can no longer balance
this action, it is generally accepted that it continues to carry the two electricities in two senses as before;
a double current thus results, the one positive electricity and the other negative electricity, moving in
opposite senses from the points where the electromotive action takes place to meet again in the part of
the circuit opposite these points.

In Amp�ere’s model of electric current there would be two 
uxes of electric charges at any point inside
the wire, a 
ux of positive charges and a 
ux of negative charges, moving relative to the wire with opposite
velocities, �gure 2.1 (a).

Figure 2.1: (a) According to Amp�ere, in a current-carrying wire there should be positive and negative charges moving
in opposite directions relative to the wire. (b) Modern conception of current in a metal wire with the positive ions
at rest relative to the wire, while only the negative electrons move relative to the wire.

14[Chaib and Assis, 2009a].
15[Gray, ], with Portuguese translation in [Boss et al., 2012, Chapter 7].
16[Du Fay, 1733, pp. 464-465], [Du Fay, , pp. 263-264], [Roller and Roller, 1957, p. 586], [Heilbron, 1999, p. 257],

[Blondel and Wol�, e] and [Blondel and Wol�, f].
17[Assis, 2010b], [Assis, 2010c], [Assis, 2011b], [Boss et al., 2012] and [Assis, 2015c].
18[Amp�ere, 1820c, p. 63], [Amp�ere, 1965a, p. 141] and [Chaib and Assis, 2007d, p. 94].
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2.3 Relation between the Sense of the Current and the Motion of
the Charges Inside the Wire

Amp�ere believed that in each point of a current-carrying wire there were positive and negative charges
moving in opposite senses relative to the wire. But when referring to the sense of the electric current or to
the direction of the electric current, he de�ned that he would be referring only to the motion of the positive
charges:19

For the sake of simplicity I shall call this state of the electricity in a series of electromotive and conducting
bodies electric current; and since I shall continually have to speak of the two opposite senses in which
the two electricities move, I shall invariably imply positive electricity by the words sense of the electric
current to avoid unnecessary repetition; [...]

Amp�ere’s meaning of the sense of the electric current is represented in �gure 2.1 (a). At that time the
electrons were not yet known. Nowadays we describe the current in metal wires as being due only to the
motion of the conduction electrons relative to the wire, while the positive ions remain �xed in the metal
lattice, 2.1 (b). In any event, even with this modi�cation in our conception of the microscopic structure
of the current, the convention for the direction of an electric current utilized for the �rst time by Amp�ere
is still adopted nowadays. According to both conceptions related to the microscopic nature of an electric
current, namely, Amp�ere’s conception and the modern one, the sense of the electric current is assumed to be
opposite to the direction of the motion of the negative charges relative to the wire, as represented in �gures
2.1 (a) and (b).

Amp�ere established the following rule in order to �nd the sense or direction of the electric current:20

The ordinary electrometer indicates the presence of tension and the intensity of this tension; there used
to be no instrument for making known the presence of electric current in a battery or conductor and
which would indicate its energy and direction. Such an instrument does exist today; it is su�cient to
place the battery, or some portion of the conductor, roughly in the horizontal position in the direction
of the magnetic meridian, and to place an apparatus similar to a compass (the only di�erence being the
use to which it is put) on the battery or well above or below the portion of conductor: as long as the
circuit is interrupted, the magnetized needle remains in its ordinary position; but it deviates away from
it as soon as the current is established, and more so the greater its energy, and the direction can be told
if the observer imagines himself to be placed in the direction of the current so that the current 
ows
upwards from his feet to his head when facing the needle, for it is constantly to his left that the action
of the current de
ects the extremity which is pointing to the north, what I call the austral pole of the
magnetized needle because it is the pole which is homologous to the south pole of the earth. This is what
I express more concisely in saying that the austral pole of the magnet is carried to the left of the current
acting on the needle. To distinguish this device from the ordinary electrometer, I think that it ought to
be given the name galvanometer and it is appropriate to use it in all experiments on electric currents, as
one habitually uses an electrometer with electric machines, so as to see at each instant if the current is
there and �nd out its energy.

The word \galvanometer" was created by Amp�ere in this paper of 1820. But he did not create any
instrument which would indicate quantitatively the intensity of the electric current utilizing the de
ection
of a magnetic needle. The �rst galvanometers were only built by Nobili (1784-1835) in 1825-1830, following
Amp�ere’s suggestion, and by Pouillet (1790-1868) in 1837, utilizing a tangent compass.21 Amp�ere created
also the expression \galvanoscope".22 The instrument just described in the last quotation, which Amp�ere
called galvanometer, should be called galvanoscope, as it indicates only qualitatively the direction and the
intensity of the electric current, although it was not appropriate for a quantitative measurement of its
intensity.

This imaginary observer mentioned by Amp�ere, placed along the wire and looking at the magnetic nee-
dle, with the current entering through his feet and leaving through his head, has been called bonhomme
d’Amp�ere.23 In this book it will be called \Amp�ere’s observer", as Amp�ere himself utilized the word ob-
server.24

19[Amp�ere, 1820c, p. 64], [Amp�ere, 1965a, p. 141] and [Chaib and Assis, 2007d, pp. 94-95].
20[Amp�ere, 1820c, pp. 66-67], [Amp�ere, 1965a, p. 143] and [Chaib and Assis, 2007d, p. 96].
21[Whipple, 1934], [Blondel, 1982, p. 73] and [Lauridsen and Abrahamsen, 1998].
22[Amp�ere, 1820a, p. 240], [Amp�ere, a, p. 3], [Blondel, 1982, pp. 73 and 184], [Steinle, 2003] and [Steinle, 2005].
23[Poudensan, 1964, p. 23], [Kastler, 1977, p. 144], [Blondel, 1982, p. 74] and [Blondel, 2004].
24[Amp�ere, 1820c, pp. 66-67], [Amp�ere, 1965a, p. 143] and [Chaib and Assis, 2007d, p. 96].
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In order to understand Amp�ere’s rule we should remember �rsted’s experiment. When the magnetic
needle was under the wire, as in �gure 1.3, the North pole of the needle moved westward when the current

owed from South to North. When the needle was over the wire, as in �gure 1.4, the North pole of the
needle moved eastward. �rsted introduced the following rule in order to know the direction of the de
ection
of the needle: \The pole above which the negative electricity enters is turned to the west; under which, to
the east".25 Amp�ere, on the other hand, introduced his imaginary observer placed between the wire and the
needle, looking at the needle, with the current coming from his feet towards his head. In �gure 2.2 (a), we
have this observer below the wire and above the needle, while in case (b) the observer is below the needle
and above the wire.
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Figure 2.2: Representation of Amp�ere’s observer in �rsted’s experiment. In both cases the observer is located
between the current-carrying wire and the magnetic needle. In case (a) the needle is located below the wire, analogous
to �gure 1.3, while in case (b) the needle is above the wire, as in �gure 1.4. When there is no current in the wire, the
needle points in the North-South direction along the magnetic meridian. When the current 
ows in the wire from
the South towards the North, then the North pole of the needle moves towards the left side of the observer in both
cases.

When there is no current in the wire, the needle remains along the magnetic meridian due to the magnetic
in
uence of the Earth. The North pole of the needle points along the magnetic South pole of the Earth,
close to the geographic North pole of the Earth. When the current 
ows in the wire from South to North
(or from the feet of Amp�ere’s observer towards his head), the needle is de
ected from its initial orientation.
In both cases the North pole of the needle is deviated towards the left side of Amp�ere’s observer. This is the
mnemonic rule which he will adopt in all his works.

This observer appeared in chemise 156,26 �gure 2.3. Maybe this was the �rst time in which he utilized
this representation.

Our �gure 2.4 helps to understand Amp�ere’s drawing. The horizontal magnetic needle of a compass can
turn freely around a vertical axis passing through the center of the needle. When it is released at rest in an
arbitrary orientation relative to the ground, the magnetic properties of the Earth orientate the needle. After
reaching equilibrium, the North pole of the needle (or its austral pole, if we utilize Amp�ere’s denomination)
will point towards the magnetic South of the Earth, which is close to its geographic North pole, �gure 2.4.

�rsted’s experiment indicated that the orientation of the magnetic needle is in
uenced by a nearby
current-carrying wire. Beginning with this fact, Amp�ere supposed that the usual orientation of a compass
due to the magnetic in
uence of the Earth might be due to electric currents 
owing inside the Earth and
around its surface. In order to explain this usual orientation of the needle, Amp�ere concluded that the
supposed currents over the Earth’s surface should be 
owing from East to West along the terrestrial Equator.
If this were the case, an observer lying on his back and looking at a compass needle above him would see,
in equilibrium, the North pole of the needle pointing towards his left arm, that is, towards the geographic
North pole of the Earth. In this position of the observer and the needle, the supposed terrestrial currents
would be going from his feet towards his head, �gure 2.4.

Amp�ere’s rule is the forerunner of the right-hand rule and of the screw rule which are utilized nowadays
in most textbooks of electromagnetism in order to indicate the direction of the magnetic �eld created by a
current-carrying conductor. Amp�ere utilized his rule in order to establish the sense of the currents which he
supposed to exist inside the Earth and inside permanent magnets.

25[Oersted, 1820, p. 275], [Oersted, 1965, p. 115] and [�rsted, 1986, p. 120].
26[Amp�ere, b, carton 8, chemise 156].
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Figure 2.3: Amp�ere’s representation of his observer.
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Figure 2.4: In equilibrium, the North pole of a compass will point approximately towards the geographic North pole
of the Earth. Amp�ere’s observer lying on his back and looking at the magnetic needle above it.

2.4 Di�erent Meanings of the Expressions \Sense of the Current"
or \Direction of the Current"

We saw in Section 2.3 that Amp�ere established a clear convention for the sense or direction of an electric
current based on the sense of the motion of the positive charges which he supposed were 
owing relative
to the wire. Despite this convention, he utilized the expressions \sense of the current" or \direction of the
current" with four distinct meanings, the same happening with other scientists of his age up to modern
days. The adopted meaning depended on the context in which it was utilized. We can illustrate these four
di�erent meanings with �gure 2.5.

There is a constant current 
owing through a metal wire connected to the positive and negative terminals
of a battery. Points A and I are inside the wire, while point J is inside the battery. The arrows indicate the
sense of the current or the direction of the positive charges which Amp�ere supposed were moving relative
to the conductors. That is, the back or origin of each arrow indicates the position of a supposed positive
charge at a certain time t0, while the head or tip of the arrow indicates the position of the same charge a
little later, at a time t0 + �t. A �gure like this, but without the external objects, appeared in a work of
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Figure 2.5: A constant current 
owing through a resistive wire connected to a chemical battery.

Amp�ere and J. Babinet (1794-1872), with arrows only at points J and F , �gure 2.6.27 The positive pole of
the battery is indicated in Amp�ere and Babinet’s work by the symbol Z of zinc, while the negative pole is
indicated by the symbol C of copper.

Figure 2.6: Experiment with which Amp�ere concluded that the current 
ows in closed circuits. That is, it 
ows not
only along the metal wire, but also inside piles and batteries.

The most common meaning of the expression \sense of the electric current", or \direction of the motion
of the positive electricity", utilized by Amp�ere, was referred implicitly to external bodies like the tree and
the Sun of �gure 2.5. We can say, for instance, that the currents in points I, J , A and B 
ow in the same
sense, as they go from the tree towards the Sun, while the currents in points D, E, F and G 
ow in the
opposite direction, from the Sun towards the tree. With this interpretation, the currents in points C and H
would be orthogonal to the currents in points I, J , A, B, D, E, F and G. The current in point C would go
from the house to the horse, while in point H it would be 
owing in the opposite direction, that is, from the
horse towards the house. Amp�ere utilized this meaning when he said, for instance, that a current element
in point A repels a current element in point E due to the fact that these currents were 
owing in opposite
directions in the case of �gure 2.5. An example of this utilization of the expression sense of a current can be
seen in his �rst published paper:28

I observed that by passing current through both parts at the same time, they were mutually attracted

27[Amp�ere and Babinet, 1822a, p. 4, �gure 1] and [Amp�ere and Babinet, 1822b, p. 169, �gure 1].
28[Amp�ere, 1820c, pp. 69-70], [Amp�ere, 1965a, pp. 144-145] and [Chaib and Assis, 2007d, p. 97].



36 A. K. T. Assis and J. P. M. d. C. Chaib

when both currents were in the same direction, and that they were repelled when the currents were in
opposite directions.

Amp�ere also utilized another meaning for the expression \sense of the current". This new meaning was
also connected to the motion of the supposed positive charges in a closed circuit. Amp�ere distinguished, in
particular, two directions of the electric current, namely: (I) The positive charge going from the positive
terminal towards the negative terminal of the battery, and (II) the positive charge going from the negative
terminal towards the positive terminal of the battery.

One of the �rst important experiments of Amp�ere, performed in the beginning of September 1820, was
to establish the sense of the current not only in the metal conductor connected to the terminals of a voltaic
pile, but also inside the pile:29

The �rst use to which I put this device was to check that the current which exists in the voltaic battery,
from the negative extremity to the positive extremity, had the same in
uence on the magnetized needle
as the current in a conductor which 
ows, on the contrary, from the positive extremity to the negative
one.

It is desirable to have for this two magnetized needles, one placed on the battery and the other above or
below the conductor; it is seen that the austral pole of each needle is carried to the left of the current
near to which it is placed. Thus, when the second [needle] is above the conductor, it is carried to the
side opposite to that towards which the needle on the battery tends, since the currents have opposite
directions in these two portions of the circuit. The two needles are, on the contrary, carried to the
same side, remaining roughly parallel to each other, when one is above the battery and the other below
the conductor.30 As soon as the circuit is interrupted, they immediately revert, in both cases, to their
ordinary orientation.

Amp�ere’s experiment is illustrated in �gure 2.7.31 There are three compass needles (A, B and D) placed
above the horizontal circuit, while needle C is below the circuit. Needle A is above a trough battery (indicated
by the + and � symbols), needles B and D are above the wire connected to the terminals of the battery,
while needle C is below the wire. When there is no current 
owing in the circuit, the four needles point
along the magnetic meridian. When there is a constant current i 
owing in the circuit, all four needles
are deviated from their equilibrium con�gurations. The North pole of needles A, B and C are deviated
eastward, while the North pole of needle D is deviated westward. By supposing four observers of Amp�ere
located between the circuit and the needles, looking at the needles with the current penetrating their feet
and leaving through their heads, the North poles of all four needles will be deviated to the left sides of these
observers, as pointed out by Amp�ere.
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Figure 2.7: (a) Open circuit. The four compass needles point along the magnetic meridian, that is, along the
North-South direction. (b) Constant current i 
owing through the closed circuit. The compass needles are deviated
not only when they are above or below the wire, but also when located above the battery.

29[Amp�ere, 1820c, pp. 67-68], [Amp�ere, 1965a, pp. 143-144] and [Chaib and Assis, 2007d, p. 96].
30[Note by Amp�ere:] For this experiment to leave no doubt as to the action of the current in the battery, it is convenient to

use a trough battery with zinc and copper plates soldered together over the entire interface, and not just simply over a branch
of metal which can rightly be regarded as a portion of conductor.

31See [Benseghir and Blondel, 2007].
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In the case of �gure 2.5, for instance, according to this new interpretation the currents in points A, B,
... and I would be 
owing in the same direction, from the positive terminal towards the negative terminal
of the battery, while the current in point J , inside the battery, would be 
owing in the opposite direction,
from the negative terminal towards the positive terminal.

This was a very important experiment performed by Amp�ere. In order to understand it, it should be
kept in mind that he was utilizing a trough battery, pile �a auges, presented in �gure 2.8. These batteries
were a development of Volta’s pile, being due to William Cruickshank in July and September 1800.32 Volta’s
original batteries were vertical and quickly dried, while Cruickshank’s batteries were horizontal. These were
powerful batteries in which the copper and zinc plates of the same size were soldered to one another. These
bimetallic plates were placed vertically in a horizontal wooden vessel, covered with an insulating resin, with
the spaces between the plates �lled with a diluted solution of sulfuric acid.33 The cross section of one of
these batteries might have been, for instance, 20 cm by 20 cm, while the length might be 30 or 60 cm.
It was then simple to place a small compass or magnetized needle above this battery in order to observe
its de
ection from the magnetic meridian when a constant current was 
owing in the battery. With this
experiment Amp�ere obtained the sense of the current not only in the external wire connecting the poles of
the battery, but also inside the battery. This experiment showed that in the conductor the current 
ows
from the positive terminal of the battery towards its negative terminal, while inside the battery it 
ows from
the negative terminal towards the positive terminal.

Figure 2.8: Trough battery.

Amp�ere’s experiment showed for the �rst time that the current 
ows in a closed circuit in an ordinary
circuit in which the terminals of a chemical battery are connected by a metal wire.

This was not a trivial conclusion. Suppose the battery were replaced by a charged capacitor composed of
two parallel plates separated by a small distance d. We now connect the internal faces of these plates with
a conductor A of large resistance, while the external faces are connected by another conductor B of large
resistance. In this case the currents i and i0 in conductors A and B, respectively, will 
ow from the positive
plate towards the negative plate, as indicated in �gure 2.9. The magnitudes of the currents i and i0 may be
equal or di�erent from one another, depending on the values of the total resistances of conductors A and B.
This means that in the internal conductor A of this example, the current 
ows in the opposite sense of the
current in the interior of the chemical battery of Amp�ere’s experiment, as can be seen comparing �gures 2.6
and 2.9.

Amp�ere’s experiments showed that in the interior of a battery the current 
ows from the negative pole
towards the positive pole. From this fact it can then be concluded that there are forces of non electrostatic
origin acting inside the battery.34

The third meaning utilized by Amp�ere to the words \sense" or \direction" was connected to the fact that
the current 
ows in a closed circuit.35 We can say, for instance, that all currents 
owing clockwise are 
owing
in the same sense, while those anti-clockwise were 
owing in the opposite sense. With this interpretation
the current in all points of �gure 2.5 
ow in the same sense, that is, from the tree to the house, then to the
Sun, to the horse and from there to the tree. Amp�ere utilized this meaning of the word when referring to the
continuous circular motion of an extremity of a segment of a current-carrying wire which was moving around
a pole of a magnet, or when referring to the continuous circular motion of the pole of a magnet around
a current-carrying wire. These phenomena will be discussed in Section 7.1. They had been discovered by
Michael Faraday (1791-1867), �gure 2.10.

32[Neild, 1996].
33[Meyer, 1972, pp. 41-42, Evolution of the battery and discoveries with electric currents] and [Wol� and Blondel, 2005].
34[Varney and Fisher, 1980].
35[Amp�ere, 1822r, pp. 64-66], [Amp�ere, 1822j, pp. 203-205] or [Amp�ere, 1885e, pp. 241-243].
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Figure 2.9: Currents i and i0 
owing from the positive to the negative plates of a capacitor along the internal and
external resistive conductors A and B.

Figure 2.10: M. Faraday.

Amp�ere, in particular, expressed himself as follows:36

If one supposes the wire �xed and the magnet mobile, the same reasoning proves that the magnet should
always rotate in the same sense around the wire, provided the electric current does not form a closed
circuit of invariable shape.

He also utilized this meaning when referring to the possible circular motion of an arc of a circle around
the axis of this circle,37 or to the motion of a circular arc ABC around the axis of this circle:38 \The arc
is seen to turn in the sense CBA". As regards speci�cally the sense of the electric current, Amp�ere utilized
this meaning of the word when discussing the attraction or repulsion of two circular current loops located
in the same plane. The force would be attractive or repulsive depending on the direction of the currents:39

As a matter of fact, it is easy to see, according to the laws of the mutual action between two electric
currents, as the laws which I established, that the circular currents which turn in the same sense tend to
repel one another and to change continuously their directions when they are in a single plane [...]

The fourth meaning of the expressions \sense of the current" and \direction of the current" is related to
the fact that the current is approaching or moving away from a point, from a straight line or from a plane.
Let us think of the point J of �gure 2.5 as a �xed point inside the battery. We can say that the current
in points A and B are in the same direction, moving away from J , while the current in point I would be
in the opposite direction, moving towards J . In this example the current located exactly at the points J

36[Amp�ere, 1826c, pp. 434-435].
37[Amp�ere, 1826f, p. 24], [Amp�ere, 1823c, Amp�ere, 1990, p. 196] and [Amp�ere, 1965b, pp. 169-170].
38[Amp�ere, 1826f, p. 48] and [Amp�ere, 1823c, Amp�ere, 1990, p. 220].
39[Amp�ere, 1885o, p. 223].
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and F would not be moving instantaneously towards point J nor away from this point. We can also think
in a straight line connecting two �xed points like J and F , one inside the battery and the other inside the
wire, or we can think of a vertical plane perpendicular to the circuit and passing through points J and F .
In this case the currents in points A, B and G would be 
owing in the same direction, moving away from
the straight line JF , while the currents in points I, D and E would be 
owing in opposite direction, that is,
towards the straight line JF . In this case the currents in points J , C, F and H would not be moving towards
the straight line JF nor away from this line. Amp�ere utilized this meaning of the expression \direction of
a current" when referring to a principle of symmetry in order to establish if the force between two current
elements in a speci�c con�guration was a force of attraction, of repulsion or if there were no forces at all
between them. Here is an example of how Amp�ere utilized this meaning for this expression:40

Considering then two small portions of electric currents, one portion in the plane and the other portion
directed perpendicularly to this plane, it was easy for me to realize that, in the �rst place, when this last
portion was above or below the plane, the two senses in which this portion can be traveled by the electric
current are di�erent from one another by the following circumstance that, in one case, this current moves
towards the plane and, in the other case, it moves away from the plane; [...]

2.5 The Direction of the Force and Its Algebraic Sign

In his entire electrodynamic researches Amp�ere always assumed that the force between two current elements
was always along the straight line connecting their centers, following the principle of action and reaction. In
a paper of 1820, for instance, he said the following:41

M. Amp�ere’s goal in this work is to show that all facts relative to the mutual action between two magnets,
relative to the mutual action between a voltaic conductor and a magnet, discovered by M. OErstedt, and
relative to the mutual action between two conductors which he was the �rst to observe, can be deduced
from a single cause, namely, a force sometimes attractive and sometimes repulsive between the in�nitely
small portions of what he called electric currents, acting always along the straight line connecting their
centers; this being the only direction in which the author thinks that an attractive or repulsive force can
be exerted, no matter its nature. [...] But, as noted by M. Amp�ere in his work, his explanation of the
action of voltaic conductors upon magnets has a double advantage, [...] To admit only attractive and
repulsive forces between two points along the straight line connecting these two points.

A similar statement can be found in chemise 162, �rst published by Joubert in 1885.42

In Amp�ere’s time the vector notation had not yet been developed. This notation appeared in complete
form only in the middle of the XIXth century.43 In order to characterize an attractive force, Amp�ere
considered it as positive, while a repulsive force was considered as negative. His �rst attempts to obtain a
mathematical expression describing the interaction between two current elements can be found on chemise
158 of box 8 of his manuscripts.44 Blondel believes that this undated manuscript was probably written in
the second half of October 1820. However, it was not published at this time and was not communicated to
the members of the Academy of Sciences of Paris. Its �rst partial publication appeared only in Appendix
III of Blondel’s paper.45 In this manuscript Amp�ere mentioned that \a repulsion should be considered as a
negative attraction". Similar statements were published in his Th�eorie:46

[...] we shall take the sign + when the two currents, 
owing in the same direction, attract, and the sign
� in the other case.

Similarly:47

[...] this is what expresses the � sign found in front of the general expression [...] of this force, according
to the common use in which the attractions are considered as positive forces and the repulsions are
considered as negative forces.

40[Amp�ere, 1822p, p. 210] and [Amp�ere, 1885m, p. 247].
41[Hofmann, 1987, p. 326, n. 47], [Hofmann, 1996, pp. 253, 386 and 397] and [Amp�ere, 1820d, pp. 546 and 549].
42[Amp�ere, b, carton 8, chemise 162] and [Amp�ere, 1885j, pp. 134-135].
43[Crowe, 1985].
44[Amp�ere, b, carton 8, chemise 158].
45[Blondel, 1978].
46[Amp�ere, 1826f, p. 28], [Amp�ere, 1823c, Amp�ere, 1990, p. 200] and [Amp�ere, 1965b, p. 173].
47[Amp�ere, 1826f, pp. 130-131] and [Amp�ere, 1823c, Amp�ere, 1990, pp. 302-303].
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2.6 The Current Intensity and the Size of the Current Element

As we have seen in equations (2.2) and (2.3), in the Th�eorie Amp�ere presented his force between two current
elements as being proportional to the product between ids and i0ds0. These magnitudes were clearly de�ned
as follows:48

I will now explain how to deduce rigorously from these cases of equilibrium the formula by which I
represent the mutual action of two elements of voltaic current, showing that it is the only force which,
acting along the straight line joining their midpoints, can agree with the facts of the experiment. First of
all, it is evident that the mutual action of two elements of electric current is proportional to their length;
for, assuming them to be divided into in�nitesimal equal parts along their lengths, all the attractions
and repulsions of these parts can be regarded as directed along one and the same straight line, so that
they necessarily add up. This action must also be proportional to the intensities of the two currents.
To express the intensity of a current as a number, suppose that another arbitrary current is chosen for
comparison, that two equal elements are taken from each current, and that the ratio is required of the
actions which they exert at the same distance on a similar element of any other current if it is parallel to
them, or if its direction is perpendicular to the straight lines which join its midpoint with the midpoints
of two other elements. This ratio will be the measure of the intensity of one current, assuming that the
other is unity.

Let us put i and i0 for the ratios of the intensities of two given currents to the intensity of the reference
current taken as unity, and put ds and ds0 for the lengths of the elements which are considered in each
of them; their mutual action, when they are perpendicular to the line joining their midpoints, parallel
to each other and situated a unit distance apart, is expressed by ii0dsds0; we shall take the sign + when
the two currents, 
owing in the same direction, attract, and the sign � in the other case.

If it is desired to relate the action of the two elements to gravity, the weight of a unit volume of suitable
matter could be taken for the unit of force. But then the current taken as unity would no longer be
arbitrary; it would have to be such that the attraction between two of its elements ds and ds0, situated
as we have just said, could support a weight which would bear the same relation to the unit of weight as
dsds0 bears to 1. Once this current was determined, the product ii0dsds0 would denote the ratio of the
attraction of two elements of arbitrary intensity, still in the same situation, to the weight which would
have been selected as the unit of force.

Amp�ere seems to have been the �rst scientist to express in words the idea that a current in a wire is
proportional to the amount of electric charge passing through the cross section of the wire in unit time.49

Nowadays it is common to express this relation by i = dq=dt, in which i represents the current intensity,
while dq represents the in�nitesimal amount of charge passing through the cross section of the wire in the
in�nitesimal time interval dt. Amp�ere also believed that the current intensity should be proportional to the
product between the amount of electric charge and the velocity with which this charge 
owed relative to
the wire. Let ds represent an in�nitesimal length along the direction of the current in a wire. Nowadays
it is common to replace ids by qv where v represents the velocity of the charge q relative to the wire. In a
manuscript related to a talk he gave to the Academy of Sciences of Paris on 4 December 1820, Amp�ere said
the following:50

g and h depend only on the [amount of] electricity 
owing [through the cross section of the conductor]
in equal times, the quantity compensating the velocity. It is [proportional to] the quantity of motion,
provided the path is completely free, that is, provided the conductor is su�ciently thick.

In his �rst published paper he said the following:51

The currents of which I am speaking accelerate until the electromotive force is balanced by the inertia of
the electric 
uids and the resistance they experience by the imperfections of even the best conductors,
whereupon they continue inde�nitely at a constant speed so long as this force conserves the same intensity;
but they cease instantly whenever the circuit is interrupted.

Amp�ere was not always so clear in his statements. Initially he represented the current element ids by the
symbol g and the current element i0ds0 by the symbol h. In particular, in his �rst manuscripts and verbal
statements he made a misleading confusion of current element length and current intensity. For instance, in
one of his early publications he expressed himself as follows:52

48[Amp�ere, 1826f, pp. 27-28], [Amp�ere, 1823c, Amp�ere, 1990, pp. 199-200] and [Amp�ere, 1965b, pp. 172-173].
49[Blondel, 1982, pp. 92 and 157] and [Benseghir, 1989, p. 459].
50[Amp�ere, b, carton 8, chemise 162].
51[Amp�ere, 1820c, p. 64], [Amp�ere, 1965a, p. 141] and [Chaib and Assis, 2007d, p. 94].
52[Amp�ere, 1820f, p. 174], [Hofmann, 1996, pp. 249-253] and [Chaib and Assis, 2009b, p. 122], our emphasis.
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In order to have a clear idea of this law [of force between current elements], one must imagine in space a
line representing in magnitude and in direction the resultant of two forces which are similarly represented
by two other lines, and suppose, in the directions of these three lines, three in�nitely small portions of
electric currents, the intensities of which are proportional to their lengths. The law at issue consists in
the fact that the small portion of electric current directed along the resultant exerts, on another current
or on a magnet, an attractive or repulsive action equal to what would result, in the same direction, from
the combination of the two portions of current directed along the components.

It would be di�cult for someone to understand what Amp�ere meant by \the intensities of electric currents
proportional to their lengths". Gillet de Laumont (1747-1834) tried to clarify statements like this. In a paper
published in 1820, in which he made a summary of Amp�ere’s researches, he substituted this expression by
the following:53

When we wish to have a clear idea of the law expressed by M. Amp�ere in his work, one must imagine in
space a line representing, in magnitude and in direction, the resultant of two forces which are similarly
represented by two other lines, and suppose, in the directions of these three lines, three electric currents
of which the attractive or repulsive forces are proportional to their lengths.

That is, Laumont clari�ed that the forces between two current elements are proportional to their lengths,
instead of stating that the intensities of the electric currents were proportional to their lengths. In 1823
Amp�ere utilized a statement similar to Laumont’s. Amp�ere replaced the expression \the intensities of
electric currents proportional to their lengths" by the statement that the \attractive or repulsive forces are
proportional to their lengths".54

The �rst substitution of the symbols g and h by ids and i0ds0, respectively, happened for the �rst time in
1822 in Amp�ere’s fundamental paper in which he obtained the �nal value of his force between two current
elements:55

[...] the intensities of the action of two small portions of conductors which I called g and h in the note of
the Journal de Physique will be represented here, as their lengths are ds and ds0, by ids and i0ds0, [...].

In the Th�eorie,56 Amp�ere had \put i and i0 for the ratios of the intensities of two given currents to the
intensity of the reference current taken as unity". We believe there are two possibilities for his choice of the
symbol i to represent the intensity of the electric current. The �rst possibility is that this symbol is the �rst
letter of the word \intensity". The second possibility is that in his �rst publications he called the intensities
of two current-carrying wires by the symbols g and h, although still confusing the intensities of the currents in
each element with their lengths. As the next letter of the alphabet after g and h is the letter i, Amp�ere may
have chosen this letter for alphabetical reasons in order to represent the current intensity, while representing
its in�nitesimal length by ds. In any event, no matter his reasons for choosing the letter i to represent the
intensity of a current, this convention is still adopted in all textbooks dealing with electromagnetism.

Moreover, it should be remarked that not only for Amp�ere, but also in modern textbooks, the magnitude
i is always positive or zero, but never negative. This convention is not true for electric charges and for
magnetic poles, which can assume positive or negative values. Amp�ere believed in a double current with
positive and negative charges moving relative to the wire. As we said before, nowadays we assume that in
metal wires only the negative conduction electrons move relative to the wire, while the positive ions remain
�xed in the lattice. Despite this modern knowledge, we still adopt the convention that i � 0 and i0 � 0.

2.7 The Distance between the Two Current Elements

In all his works Amp�ere represented the distance between two in�nitesimal current elements ids and i0ds0

by r. However, these current elements are not point-like, having in�nitesimal lengths ds and ds0. Therefore,
it was necessary to specify what he meant by the distance between them. In the Th�eorie this distance was
speci�ed as follows:57

Suppose we now consider two elements placed arbitrarily; their mutual action will depend on their
lengths, on the intensities of the currents of which they are part, and on their relative position. This
position can be determined by the length r of a straight line joining their midpoints, [...].

53[Laumont, 1820] and [Hofmann, 1996, p. 253].
54[Amp�ere, 1822p, pp. 212-213] and [Amp�ere, 1885m, pp. 248-249].
55[Amp�ere, 1822o, p. 412].
56[Amp�ere, 1826f, pp. 27-28], [Amp�ere, 1823c, Amp�ere, 1990, pp. 199-200] and [Amp�ere, 1965b, p. 173].
57[Amp�ere, 1826f, p. 28], [Amp�ere, 1823c, Amp�ere, 1990, p. 200] and [Amp�ere, 1965b, p. 173].
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Analogous statements can be found in his earlier works.

2.8 The Angles Appearing in Amp�ere’s Force

An important aspect to be emphasized here is that, for Amp�ere, the magnitudes i, i0, ds, ds0 and r which
appeared in his force between current elements, equations (2.1) up to (2.3), were always positive. Therefore,
only the angular components of this expression can transform a positive force into a negative force, that is,
transform an attractive force into a repulsive force.

The main di�erence between Amp�ere’s force and the other interactions known in his time (gravitational,
electrostatic and magnetic forces) was exactly in the angular dependence of Amp�ere’s expression. Amp�ere’s
force given by equations (2.1) up to (2.3) is much more complex than equations (1.1), (1.2) and (1.3). The
distinction between Amp�ere’s force and the other forces known in his time can be illustrated with a simple
example in which two current elements ids and i0ds0 are interacting with one another separated by a �xed
distance r. By changing only the spatial orientation of the two current elements it is possible to transform
a positive force into a negative force. Nothing of this kind happens in the gravitational force between two
bodies, in the electrostatic force between two electri�ed bodies, nor in the force between two magnetic poles.

In this Section we consider in detail the meaning of each one of the angles appearing in Amp�ere’s
force. Although this is a crucial portion of Amp�ere’s work, it has received little attention in the literature.
Moreover, although Amp�ere wrote a lot about these angles, we did not locate in his published papers any
�gure illustrating explicitly these angles.

2.8.1 The Angle between Two Current Elements

In the Th�eorie Amp�ere represented the angle between the two interacting current elements by ":58

This formula is simpli�ed by introducing " for the angle between the two elements in place of !; [...]

Amp�ere presented for the �rst time a formula for the force between two current elements in a meeting
of the Academy of Sciences of Paris on 4 December 1820. He wrote a paper describing what he had read at
this meeting which was only published by Joubert in 1885. In this work Amp�ere considered the interaction
between two small current-carrying line segments and called59 \h the angle of the direction of the two lines".
This last symbol h is di�erent from the symbol h appearing in equation (2.3). He seldom utilized the letter
h to represent the angle between two current elements. Usually he utilized the symbol " to represent this
angle. For this reason we will also utilize in this Section this symbol to represent this angle.

There are several possibilities to conceive the angle between two current elements. Let us consider two
current elements of lengths ds and ds0 directed along the senses of the two currents i and i0 with their centers
separated by a distance r. In order to understand the angle between these two elements we will superpose
them in such a way that their centers coincide with one another. In this case they form a single plane which
we will consider as being the plane of the paper in �gure 2.11. There are two angles connecting the elements,
"1 and "2 = �� "1, �gure 2.11 (a). Amp�ere always considered the angles obtained from the directions of the
two elements. In the Th�eorie, for instance, he speci�ed the angles � and �0 as follows:60

Suppose we now consider two elements placed arbitrarily; their mutual action will depend on their
lengths, on the intensities of the currents of which they are part, and on their relative position. This
position can be determined by the length r of a straight line joining their midpoints, the angles � and �0

between a continuation of this line and the directions of the two elements in the same direction as their
respective currents, and �nally by the angle ! between the planes drawn through each of these directions
and the straight line joining the midpoints of the elements.

As he always considered the angles obtained from the directions of the two elements, we can be sure that
what he understood by the angle " between the two elements should be considered as the angle "1 of �gure
2.11 (a) and not the angle "2.

But there are also two possibilities to consider the angle between two elements in the same directions as
their respective currents, as represented in �gure 2.11 (b). In this �gure we have angles "1 and "3 between
the two elements in the same directions as their respective currents, such that "3 = 2�� "1. Amp�ere’s oldest

58[Amp�ere, 1826f, p. 32], [Amp�ere, 1823c, Amp�ere, 1990, p. 204] and [Amp�ere, 1965b, p. 176].
59[Amp�ere, 1885j, p. 134].
60[Amp�ere, 1826f, p. 28], [Amp�ere, 1823c, Amp�ere, 1990, p. 200] and [Amp�ere, 1965b, p. 173], our emphasis.
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(a) (b) (c)
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Figure 2.11: There are several ways of de�ning the angle between two current elements of directed lengths ds and
ds0.

manuscript dealing with the force between current elements is from October 1820, being partially published
by Blondel. In this paper he mentioned the following:61

When the two currents are directed along the two lines which do not meet, instead of being directed
along parallel lines, either in the same sense or in opposite senses, but in which their directions make
an angle, there will be attraction when, by considering these lines in the same sense as the currents

owing in them, the angle which they form is acute; however, this attraction is always smaller than the
attraction taking place when the currents are parallel and directed in the same sense, and this attraction
always decreases as this angle increases, up to point in which this attraction goes to zero when the two
currents 
ow in orthogonal directions. When the same angle is obtuse, the attraction is transformed into
a repulsion; this repulsion [...] reaches its maximum value when this angle is equal to two right angles,
that is, when the two currents are directed in opposite senses along two parallel lines.

Therefore, according to Amp�ere the angle between the directions of the two currents has a value between
0 rad and � rad. We can then conclude from this manuscript that he considered the angle between the two
elements of �gure 2.11 to be the angle "1 of �gure 2.11 (b), and not the angle "3.

However, a third doubt still remains. Should we consider oriented angles? For instance, we might consider
positive a clockwise angle and negative an anti-clockwise angle. In this case the angle "4 of �gure 2.11 (c)
going from ds to ds0 would be negative, while the angle "5 = �"4 going from ds0 to ds would be positive.
But Amp�ere never mentioned oriented angles, nor negative angles. We can then conclude that according to
Amp�ere’s point of view the angle going from ds to ds0 would be equal to the angle going from ds0 to ds. For
this reason we will not utilize oriented angles in our �gures related to Amp�ere’s electrodynamics, although
Hofmann represented some of Amp�ere’s angles as being oriented.62 Hofmann did not justify his utilization
of oriented angles. However, as he did not obtain any consequence or conclusion from this choice, it seems
that choice of oriented angles was casual and of no relevance.

We can then �nally conclude that the angle " between two elements of lengths ds and ds0, with these
elements oriented along the directions of the currents 
owing in them, is like the angle represented in �gure
2.12, with this angle taking its value between the following limits: 0 rad � " � � rad. These general
properties will also be valid for the other angles �, � and 
 (or �, �0 and !). That is, each one of these
angles has a value between 0 rad and � rad. Moreover, each one of these angles is not oriented, being always
positive no matter if it is drawn clockwise or anti-clockwise.

Figure 2.12: The angle " between two oriented current elements ds and ds0, as considered by Amp�ere.

61[Amp�ere, b, carton 8, chemise 158] and [Blondel, 1978].
62[Hofmann, 1987] and [Hofmann, 1996, p. 241, �gure 5].
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2.8.2 The Angle between the Planes Drawn through Each Element and the
Straight Line Joining the Midpoints of the Elements

Although each current element of Amp�ere had an in�nitesimal length, it was oriented along the direction of
the current 
owing through it and it was possible to think of the straight line passing through this element.
Therefore, the straight line joining the midpoints of two elements forms a plane with the straight line
passing through each element. In Amp�ere’s force the angle between the planes drawn through each element
and the straight line joining their midpoints also appears. In this case there is no ambiguity, provided we
consider the smaller angle between two semi-planes. Each semi-plane was formed by the positive sense of
the corresponding current element and the straight line connecting the two elements. The only aspect to
take notice of here is the nomenclature utilized by Amp�ere. In his works of 1820 to 1822 this angle was
represented by the symbol 
. However, in the Th�eorie he adopted the letter ! to represent the same angle.
This angle is illustrated in �gure 2.13. It is not oriented and has its value limited by 0 rad � 
 � � rad.

!

ds

ds!

"or

Figure 2.13: The angle between the planes drawn through each element and the straight line joining their midpoints.

2.8.3 The Angles between the Elements and the Straight Line Joining Their
Midpoints

The angles requiring greater attention are those between each current element and the straight line connecting
their midpoints.

In the Th�eorie Amp�ere introduced as follows the angles between the current elements and the straight
line connecting their centers:63

Suppose we now consider two elements placed arbitrarily; their mutual action will depend on their
lengths, on the intensities of the currents of which they are part, and on their relative position. This
position can be determined by the length r of a straight line joining their midpoints, the angles � and �0

between a continuation of this line and the directions of the two elements in the same direction as their
respective currents, and �nally by the angle ! between the planes drawn through each of these directions
and the straight line joining the midpoints of the elements.

According to this de�nition, there are two ways of representing the angles � and �0, �gure 2.14. That is,
if we consider the continuation of the line going from ds0 to ds, we have �1 and �0

1. On the other hand, by
considering the continuation of the line going from ds to ds0, we have �2 and �0

2.

!!

!1

!2

!!

1

2

Figure 2.14: The angles between the current elements and the straight line connecting their midpoints.

From �gure 2.14 we obtain that �2 = � � �1 and �0
2 = � � �0

1. Therefore:

63[Amp�ere, 1826f, p. 28], [Amp�ere, 1823c, Amp�ere, 1990, p. 200] and [Amp�ere, 1965b, p. 173], our emphasis.
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cos �2 = � cos �1 ; (2.22)

sin �2 = sin �1 ; (2.23)

cos �0
2 = � cos �0

1 ; (2.24)

and

sin �0
2 = sin �0

1 : (2.25)

In Amp�ere’s force, equation (2.2), we have the products sin � sin �0 and cos � cos �0. From equations (2.22)
up to (2.25) we obtain that cos �2 cos �0

2 = cos �1 cos �0
1 and sin �2 sin �0

2 = sin �1 sin �0
1. Therefore, we can

consider �1 and �0
1 as the angles between the elements and the straight line connecting them. These angles

can also be considered as �2 and �0
2. In both cases we will have the same force between the two current

elements.
Amp�ere utilized the symbols � and �0 in order to represent the angles between the two elements and the

straight line connecting them only in the Th�eorie. In his earlier works he represented these angles by �
and �.64 In 1823, on the other hand, he represented65 these angles by two symbols, namely, � and a curled
beta.66

In conclusion, Amp�ere’s three angles �, � and 
 (or �, �0 and !) should be understood as the angles
represented in �gure 2.15. As happened with the angle " between the two current elements, the following
relations are also valid for these three angles: 0 rad � � � � rad, 0 rad � � � � rad and 0 rad � 
 � � rad
(or 0 rad � � � � rad, 0 rad � �0 � � rad and 0 rad � ! � � rad).

ds

!

"

#

$ r

%&

%
r

ds!

ds

ds!

(a) (b)

Figure 2.15: Let r be the distance between the midpoints of the current elements of lengths ds and ds0. (a)
Representation of the angles �, � and 
 according to Amp�ere’s speci�cations. Analogous representation of the angles
�, �0 and !.

A �gure like this one appears in Hofmann’s PhD dissertation,67 and in Darrigol’s book.68 An illustration
like �gure 2.15 representing these three angles does not appear in some of the main works discussing Amp�ere’s
electrodynamics, namely, Maxwell,69 Whittaker,70 Tricker71 and Williams.72

There are some works which represented these angles � and �0 (or � and �) as being the angles between
the current elements and the �nite segment connecting their midpoints. As examples we can quote Tricker,73

�gure 2.16; Blondel,74 �gure 2.17; and Hofmann,75 �gure 2.18.

64[Amp�ere, b, carton 8, chemise 158], [Amp�ere, 1822o] and [Amp�ere, 1885j]. This last work was presented by Amp�ere to the
Academy of Sciences of Paris in December 1820, being �rst published by Joubert in 1885.

65[Amp�ere, 1822p, p. 229] and [Amp�ere, 1885m, p. 262].
66 That is:

67[Hofmann, 1982, p. 264, �gure 2].
68[Darrigol, 2000, p. 9, �gure 1.3].
69[Maxwell, 1954, vol. 2, Chapter II: \Amp�ere’s investigation of the mutual action of electric currents", articles 502-527, pp.

158-174].
70[Whittaker, 1973].
71[Tricker, 1965].
72[Williams, 1981], [Williams, 1983] and [Williams, 1989a].
73[Tricker, 1962].
74[Blondel, 1982, p. 84, �gure 22].
75[Hofmann, 1987] and [Hofmann, 1996, p. 241, �gure 5].
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Figure 2.16: Representation of the angles �, �0 and ! according to Tricker.

Figure 2.17: Representation of the angles �, � and 
 according to Blondel.

Figure 2.18: Representation of the angles �, � and 
 according to Hofmann.

Amp�ere had speci�ed that these angles � and �0 should be considered between the directions of the
two elements in the same direction as their respective currents and a continuation of the line joining their
midpoints. These authors, on the other hand, considered these angles between the directions of the two
elements and the �nite straight segment between their midpoints. They represented, in particular, the angles
� or � as being the angle �2 of �gure 2.14. Likewise, they represented the angles � or �0 as being the angle
�0
1 of �gure 2.14. With this representation, the angular portion of Amp�ere’s force given by equation (2.2)

would assume the following form (by utilizing equations (2.22) up to (2.25)):

sin � sin �0 cos! + k cos � cos �0 = sin �2 sin �0
1 cos! + k cos �2 cos �0

1

= sin �1 sin �0
1 cos! � k cos �1 cos �0

1 6= sin �1 sin �0
1 cos! + k cos �1 cos �0

1 : (2.26)

Equation (2.26) shows that the representations of the angles � and �0 (or � and �) made in these speci�c
works by Tricker, Blondel and Hofmann do not lead to Amp�ere’s own force between current elements.
Therefore, these representations do not agree with Amp�ere’s own point of view.
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Probably the reason why these authors arrived at this false representation of Amp�ere’s angles is related
to Amp�ere’s own initial lack of clarity. In his �rst manuscripts of 1820, for instance, he said the following:76

[...] I had also announced that this value [of the force between two current elements] should depend on
the respective orientation of two small portions of current which are being considered. This orientation,
in the general case, is determined by three angles, being the �rst two angles those which their directions
[of the currents] make with the line connecting their midpoints, the third [angle] being the angle between
the two planes passing through this last line and by the two small portions of electric current.

Representing by r the distance between them [that is, between the midpoints of the two current elements],
representing by g and h the intensities of their currents, representing by dx and dz their lengths, and
representing �nally by � and � the angles which they make with the line joining their centers, and
representing by 
 the angle between the two planes, [...]

In December of 1820 he expressed himself as follows, considering the length of each current element as
being a \small line in space":77

[...] I will only indicate here how I obtained the mathematical expression of the action between two
currents or, rather, the way in which the angles determining, in general, the respective orientation of
two small lines in space appear in this expression. [...] The angles referred here are, in general, three
in number. Let � be the angle formed by one of these lines with that line joining the center [of the
�rst element] to the center of the other [small line or current element], let � be the corresponding angle
relative to this last [small line or current element], and let 
 be the angle formed by the two planes
passing through each of these small lines and by the line joining their centers.

By statements like these, one easily gets the impression that Amp�ere was referring the angles � and �0 (or
� and �) as being the angles of each current element with the line segment connecting their centers. It was
only in 1822 that he clearly speci�ed that these angles, called � and � in this paper, should be considered
between each current element and the same continuation of the straight line connecting their midpoints. The
following quotation should be considered in relation to �gure 2.19:78

[...] let � be a function of the three angles determining the relative orientation of two in�nitely small
portions of electric currents, being proportional to the force they exert on one another at a speci�c
distance when this orientation is modi�ed, and if these three angles are represented by �, � and 
;
with � and � being the angles which the directions of these two small portions form with the straight
line joining their centers, and 
 being the mutual inclination of the planes of these two angles [...]. Let
Mm = ds and M 0m0 = ds0 represent two in�nitely small portions of these conductors, and let their
directions be determined by the two tangents MT and M 0T 0: if r represents the distance MM 0, [...] and
if we consider the angles � and � in such a way as to have their openings towards the same side, as I
supposed when calculating the value of �, the angle � being considered, for instance between the direction
MT of Mm and the continuation MK of M 0M , [then] the angle � should be considered between the
direction M 0T 0 of M 0m0 and the line M 0M , [...].

Our �gure 2.19 is a reproduction of �gure 14 of Amp�ere’s original paper showing the letters K, M , m,
T , M 0, m0 and T 0.

Figure 2.20 presents a simpli�ed version of �gure 2.19. It includes the main elements of Amp�ere’s original
�gure and also the angles � and � according to his speci�cations. From �gure 2.20 we can see that Amp�ere’s
angles � and � coincide with the angles �1 and �0

1 of �gure 2.14.
In 1823 Amp�ere presented similar speci�cations on how to consider the angle between each current

element and the same continuation of the line connecting their midpoints.79 In this paper these angles were
represented by � and by a curled beta.80 This work of 1823 will be discussed in Subsection 4.2.1, �gures
4.11, 4.12, 4.13 and 4.14. These speci�cations were also presented by Amp�ere in his Th�eorie, this time
representing these angles by � and �0.81

Beyond these speci�cations expressed in words, we were also able to �nd one of his drawings, unfortunately
not yet published, in which he represented the angles � and �0, �gure 2.21.82 Amp�ere’s drawing is analogous
to our �gure 2.15 (b).

76[Amp�ere, b, carton 8, chemise 158].
77[Amp�ere, 1885j, pp. 133-134].
78[Amp�ere, 1822o, pp. 406 and 408], [Amp�ere, 1822y, pp. 303-305] and [Amp�ere, 1885p, pp. 277-279].
79[Amp�ere, 1822p, pp. 229-232] and [Amp�ere, 1885m, pp. 262-265].
80See the footnote 66 of our page 45.
81[Amp�ere, 1826f, p. 28], [Amp�ere, 1823c, Amp�ere, 1990, p. 200] and [Amp�ere, 1965b, p. 173].
82[Amp�ere, b, carton 9, chemise 173].
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Figure 2.19: Amp�ere’s original �gure 14 of [Amp�ere, 1822o].

Figure 2.20: Representation of the angles � and � according to Amp�ere’s own speci�cations.

Figure 2.21: Amp�ere’s drawing representing the angles � and �0.

Figure 2.22 presents Amp�ere’s drawing representing the angles � and �.83 This manuscript has not yet
been published. Once more we can see that he understood these angles as having their openings to the same
side.

In conclusion, �gure 2.15 presents the correct representation of Amp�ere’s angles �, � and 
 (or �, �0 and
!) according to Amp�ere’s own speci�cations. These speci�cations appeared in his most important works
from 1822 onwards.

83[Amp�ere, b, carton 11, chemise 206ter].
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Figure 2.22: Amp�ere’s drawing representing the angles � and �. This �gure is analogous to our �gure 2.15 (a).

It should be mentioned here that in Blondel and Wol�’s recent works, they also utilized this representation
of Amp�ere’s angles.84

84[Blondel and Wol�, d] and [Blondel and Wol�, c].
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Part II

Origins and Evolution of Amp�ere’s
Force between Current Elements
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We now discuss some of the main experiments, ideas and theoretical assumptions made by Amp�ere leading
him to the �nal value of his force between current elements. The motivation for this analysis is a statement
by James Clerk Maxwell (1831-1879), �gure 2.23, one of the main scientists of the XIXth century.

Figure 2.23: J. C. Maxwell.

This statement refers to Amp�ere’s deduction of his force law as presented in his masterpiece of 1826, the
Th�eorie, based only on four cases of equilibrium:1

The method of Amp�ere, however, though cast into an inductive form, does not allow us to trace the
formation of the ideas which guided it. We can scarcely believe that Amp�ere really discovered the law
of action by means of the experiments which he describes. We are led to suspect, what, indeed, he tells
us himself2, that he discovered the law by some process which he has not shewn us, and that when he
had afterwards built up a perfect demonstration he removed all traces of the sca�olding by which he had
raised it.

We will discuss the process followed by Amp�ere utilizing what he mentioned in his earlier papers, corre-
spondence and manuscripts.

1[Maxwell, 1954, vol. 2, article 528, pp. 175-176].
2[Note by Maxwell:] Th�eorie des ph�enom�enes �Electrodynamiques, p. 9.
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Chapter 3

Amp�ere’s Initial Experiments

3.1 Amp�ere’s Interpretation of �rsted’s Experiment

In Section 1.3 we described �rsted’s observations of the de
ection of a magnetic needle from its original
orientation along the magnetic meridian due to the in
uence of a nearby current-carrying wire. In order to
interpret this experiment, Amp�ere had a very original, rich and fruitful idea which guided him to several new
experiments and to a whole new set of phenomena which no one had observed before him. His main ideas
were to suppose that all magnetic and electromagnetic phenomena were only due to interactions between
current-carrying conductors, together with the assumption of the existence of electric currents in the Earth
and also in magnets. This insight opened his mind to a whole set of new possibilities which might be tested
and explored from several points of view, namely, experimental, conceptual and mathematical. He then
looked for phenomena showing directly forces and torques between current-carrying conductors. He also
began to look for a mathematical expression which might explain all these phenomena. In the end he was
extremely successful in his endeavors.

Here are some of his words related to this topic:1

This action that M. OErsted discovered led me to look for the interaction of two electric currents, the
action of the Earth on a current, and how the electricity might produce all phenomena presented by the
magnets, looking for a distribution [of electric currents inside each magnet] similar to that of a conductor
of electric current, with closed curves perpendicular to the axis of each magnet. These points of view,
most of which have only recently been con�rmed by experiment, were communicated to the Acad�emie in
its session of 18 September 1820.

Another quotation of the same work:2

I will only say that after having deduced only the �rst general result from the note of M. OErsted, I
deduced from it the explanation of the magnetic phenomena, based upon the existence of electric currents
in the globe of the Earth and in magnets.

The following statement is clearly revealing:3

When �rst I wanted to �nd the causes of the new phenomena discovered by M. OErsted, I re
ected that
since the order in which two facts are discovered in no way a�ects any conclusions which can be drawn
from the analogies they present, it might, before we knew that a magnetized needle points constantly
from South to North, have �rst been known that a magnetized needle has the property of being in
uenced
by an electric current into a position perpendicular to the current, in such a way that the austral pole
of the magnet is carried to the left of the current, and it could then have subsequently been discovered
that the extremity of the needle which is carried to the left of the current points constantly towards the
North: would not the simplest idea, and the one which would immediately occur to anyone who wanted
to explain the constant direction from South to North, be to postulate an electric current in the Earth in
a direction such that the North would be to the left of a man who, lying on its surface facing the needle,
received this current in the direction from his feet to his head, and to draw the conclusion that it takes
place from East to West in a direction perpendicular to the magnetic meridian?

1[Amp�ere, 1820f, p. 196], [Amp�ere, 1965a, p. 152] and [Chaib and Assis, 2009b, p. 132].
2[Amp�ere, 1820f, pp. 200-201] and [Chaib and Assis, 2009b, p. 134].
3[Amp�ere, 1820f, pp. 202-203], [Amp�ere, 1965a, p. 152] and [Chaib and Assis, 2009b, pp. 135-136].
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This was a radically new interpretation not only of �rsted’s experiment, but also of all magnetic phenom-
ena related to the known attractions and repulsions between two magnets, or the orientation of the compass
needle by the magnetic in
uence of the Earth. This insight led Amp�ere to a whole new research program.
In particular, he predicted the interaction between current-carrying conductors which no one had observed
before him. Amp�ere was also the �rst scientist to observe this phenomenon. Moreover, he predicted the
interaction between the Earth and a current-carrying conductor. Once more he was also the �rst to observe
this fact. Moreover, he was led to look for spatial distributions of electric currents which might mimic or
reproduce the known interactions between magnets. That is, he tried to simulate the behavior of magnets
utilizing only current-carrying conductors. He also tried to simulate terrestrial magnetism and the phenom-
ena associated with it utilizing only electric currents 
owing in wires. He tried to reproduce the interaction
of a magnet with the Earth utilizing current-carrying conductors. He also tried to simulate �rsted’s ex-
periment (orientation of a magnetic needle by a current-carrying wire) utilizing only current-carrying wires.
This new conception led Amp�ere to look for a mathematical expression describing the interaction between
current-carrying conductors with which he could not only explain quantitatively all these phenomena, but
also predict new ones. All these aspects of his research did follow naturally from his new theoretical concep-
tion which was shown to be extremely fruitful and productive. Amazingly Amp�ere was able to accomplish
all this immense research program in the time interval of six short years.

Although his interpretation may seem obvious, natural, simple or reasonable to us, it was rejected by
the main scientists working on this subject in his times, like �rsted, Biot, Savart and Faraday. His points
of view were also rejected by later researchers, like Grassmann. Moreover, several key aspects of Amp�ere’s
interpretation are against the electromagnetic theory of the present time based on the concept of a mag-
netic �eld. All of these aspects will be discussed at length in Parts IV and V of the present book, called
Controversies.

As mentioned by Bertrand in 1874:4

The laws discovered by Amp�ere have remained in science as a solid and uncontested basis which support
with con�dence even those who tried to replace them with other [laws]. It is, in e�ect, by the complete
agreement of the proposed principles with those of Amp�ere, in every case where veri�cation is feasible,
that it was thought possible to justify the new theories.

3.2 Orientation of a Magnetic Needle by a Current-Carrying Wire

Magnetism presents two general phenomena which Amp�ere called attractive and repulsive action and directive
action.5 The �rst phenomenon is the usual attraction and repulsion between two magnets. As an example,
consider two magnetized bars aligned along their lengths. Let us suppose that their poles are aligned in the
sequence N , S, N 0 and S0, as in �gure 3.1. When the two bars are released from rest relative to the ground
in this orientation, they will attract one another, decreasing the distance between their opposite poles S and
N 0. If they were initially aligned with their poles in the sequence N , S, S0 and N 0, then they would repel
one another after being released from rest relative to the ground.

N S N! S!

Figure 3.1: Attraction of two magnetized bars.

In the directive action, on the other hand, a magnetized needle su�ers a torque due to the in
uence
of terrestrial magnetism or due to the in
uence of other magnets. The magnetized needle will tend to
turn around its center due to this directive action, acquiring a �xed orientation relative to the ground.
Consider that we have a horizontal compass and release it in an arbitrary orientation relative to the ground,
being free to turn around a vertical axis passing through its center. We observe that normally it will not
remain in this initial orientation, but will stop at another very speci�c orientation due to the in
uence of

4[Bertrand, 1874, p. 297].
5[Amp�ere, 1820f, p. 197], [Chaib and Assis, 2009b, p. 132], [Amp�ere, 1820a, p. 238] and [Amp�ere, a, p. 1].
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terrestrial magnetism. In this equilibrium orientation, the vertical plane passing through the needle will also
pass through the terrestrial North and South magnetic poles. These poles are located along the terrestrial
magnetic axis. This magnetic axis does not coincide with the axis of the diurnal rotation of the Earth
relative to the frame of �xed stars. The intersection of this last axis with the surface of the Earth de�nes its
geographic North and South poles. The meridian or line of longitude is an arc of a circle on the surface of
the Earth passing through its geographic poles. The intersection of the magnetic axis of the Earth with its
surface de�nes the magnetic poles of the Earth. The magnetic meridian is an arc of a circle on the surface of
the Earth passing through its magnetic poles. The magnetic South pole of the Earth is located close to its
geographic North pole, while the magnetic North pole of the Earth is located close to its geographic South
pole. After reaching equilibrium, the magnetized needle will be parallel to the local magnetic meridian. The
angle between this magnetic meridian and the geographic meridian is called magnetic declination.

Suppose that the �rst magnetic needle reaches equilibrium, aligned along the magnetic meridian. Now
suppose that we place a second magnetic needle in the vertical plane passing through the �rst needle.
Consider also that this second needle is free to turn around a horizontal axis passing through its center.
After reaching equilibrium, it will acquire a speci�c orientation relative to the ground, being inclined relative
to the horizontal plane. The angle between this horizontal plane and the direction of this second needle is
called magnetic inclination. This second magnetic needle is usually called dip needle or inclination compass.

We now present Amp�ere’s initial experiments. The several devices which will be quoted in this book were
not constructed directly by Amp�ere. They were built by the instrument maker Hippolyte Pixii (1808-1835).
He was a French engineer who died at the early age of 27. Amp�ere paid for these instruments from his own
pocket. As he always had monetary problems, many times he was in debt with Pixii.6

Arago reported on �rsted’s discovery to the Academy of Sciences of Paris on 4 September 1820. One
week later he repeated �rsted’s demonstration for the members of the Academy. In the meeting of 18th of
September 1820, Amp�ere presented a very important new result. He had created a new instrument, which he
called astatic magnetic needle.7 The meaning of the word astatic, as utilized by Amp�ere, is that of neutral
or indi�erent equilibrium. That is, an astatic needle is a magnetized needle which remains in equilibrium, no
matter its initial orientation relative to the ground. It is not a�ected by terrestrial magnetism. The astatic
needle can be considered as a third compass (compared to the two compasses mentioned in the previous
paragraphs) which can rotate freely around an axis passing through its center, with this rotation axis being
parallel to a nearby dip needle. Suppose we consider a horizontal line passing through the center of this
astatic needle. Suppose that initially this horizontal line makes an arbitrary angle � with the axis of the
astatic needle. We will then observe that the astatic needle will remain at rest relative to the ground, no
matter the value of this angle �.

Amp�ere’s device can be seen in �gure 3.2.8

His words describing this astatic needle:9

By placing the [rotation] axis of the astatic needle parallel to the resultants of the actions of the [terrestrial]
globe, the needle will only be able to move in the plane perpendicular to these resultants. In this way
the action of the globe will be destroyed and the needle will remain indi�erent in all its orientations, that
is, it will be completely astatic.

Figure 3.3 (a) presents the graduated disc of this instrument. The compass 1 of �gure 3.3 (b) represents a
normal horizontal magnetic needle which, in equilibrium, points along the local North-South direction. The
dip compass 2 in this �gure is located in a vertical plane above needle 1. In equilibrium its axis indicates
the local inclination angle of the Earth. Amp�ere’s astatic compass is the needle AB of �gure 3.3 (a). It can
turn freely around the rotation axis CD of this �gure. This rotation axis CD is parallel to a dip needle like
that of �gure 3.3 (b). It can be placed in any orientation along the arc LMN . Although it is free to turn, it
will remain in equilibrium no matter its orientation, provided it is only under the magnetic in
uence of the
Earth.

In modern terms it is possible to say that an astatic needle can turn freely around an axis which is
parallel to the local magnetic �eld of the Earth. As it su�ers no magnetic torque from the Earth, it remains
in equilibrium no matter its initial orientation relative to the ground.

�rsted’s experiment showed that a current-carrying wire also has a directive action, just like the Earth,
as it a�ects the orientation of a magnetic needle placed near it. In Section 1.3 it was discussed how �rsted

6[Blondel, 1982, pp. 103, 131, 145 and 165].
7[Amp�ere, 1820f, p. 198], [Chaib and Assis, 2009b, p. 133], [Amp�ere, 1820a, p. 239] and [Amp�ere, a, p. 2].
8[Amp�ere, 1820f, �gure 8] and [Chaib and Assis, 2009b].
9[Amp�ere, 1820a, p. 239] and [Amp�ere, a, p. 2].
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Figure 3.2: Amp�ere’s astatic compass.

obtained a de
ection of the needle relative to the magnetic meridian. The value of this de
ection decreased
with the increase of the distance between the needle’s center and the wire. He obtained a de
ection of
45o with a distance of 3/4th of an inch. �rsted thought that this de
ection was only due to the action of
the current-carrying wire. Amp�ere, on the other hand, believed that this de
ection angle was due to the
combined in
uences of the Earth and current-carrying wire upon the needle. To avoid the directive in
uence
due to terrestrial magnetism, he repeated �rsted’s experiment utilizing now his astatic needle. At the French
Academy’s meeting of September 18, 1820, he reported the results of his experiment as follows:10

Then, when a galvanic current is close [to an astatic needle], its directive action will be the only one
a�ecting the needle, and experiment shows that the needle always becomes exactly perpendicular to the
direction of the current.

Amp�ere was the �rst scientist to show that a magnetized needle becomes perpendicular to a long and
straight current-carrying wire, provided only the wire is exerting a torque upon the needle.

Amp�ere’s rule to determine the deviation direction of a magnetic needle is to suppose an imaginary person
along the wire, between the wire and the magnetized needle. The wire is at his back and the observer looks
at the needle. Initially we can suppose the axis of the needle being parallel to this observer. When current

10[Amp�ere, 1820a, p. 239] and [Amp�ere, a, p. 2].
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Figure 3.3: (a) Amp�ere’s astatic needle. (b) The magnetic needle 1 can turn freely around a vertical axis. In
equilibrium it will point along the North-South direction. The magnetic needle 2 is vertically above needle 1 in
equilibrium. Needle 2 can turn freely around a horizontal axis which is orthogonal to the local magnetic meridian.
In equilibrium needle 2 will be inclined relative to the horizontal plane, indicating the local inclination or dip angle.
The rotation axis CD of the astatic needle of �gure 3.3 (a) is parallel to the dip needle 2.


ows in the wire, from the feet towards the head of this observer, he will observe the austral or North pole of
the needle moving to his left side. The equilibrium con�guration of �gures 1.3 and 1.4 with the needle below
or above the wire indicates these de
ections, although in �rsted’s experiments there was also the magnetic
in
uence of the Earth exerted on the needle.

3.3 Attraction and Repulsion between a Magnetic Needle and a
Current-Carrying Wire

In the meeting of the Academy of Sciences of Paris which took place on 18 September 1820, Amp�ere showed
that a current-carrying straight wire also has the attractive and repulsive action when interacting with a
small magnetic needle. To this end he suspended the needle vertically by one of its poles, as if he was
building a pendulum. He placed a horizontal straight wire perpendicular to this needle, in such a way that
the wire and the center of the needle were in the same horizontal plane, with a small distance between them.
He then observed an attraction of the needle towards the wire when there was a constant current 
owing
in one sense in the wire and a repulsion when the current 
owed in the opposite sense. This attraction
and repulsion was a new fact. �rsted had not observed these net forces on the needle, as he only saw the
wire de
ecting the natural orientation of the needle. That is, �rsted’s observed in his experiment the wire
exerting a torque on the magnetic needle. His experimental arrangement was not appropriate to indicate an
attraction or repulsion of the needle. Amp�ere’s original arrangement is presented in �gure 3.4.11

Figure 3.5 (a) presents a simpli�ed version of this experiment with the North pole of the needle suspended
above its South pole, seen sideways. Figure 3.5 (b) presents this experiment seen from above. The letter F
indicates the force exerted by the current-carrying wire on the needle. By reversing only the sense of the
current, or the polarity of the needle, the force becomes attractive. By reversing simultaneously the polarity
of the needle and the sense of the current, the force remains repulsive.

11[Amp�ere, 1820f, �gure 9] and [Chaib and Assis, 2009b].
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Figure 3.4: A vertical magnetic needle MN can be attracted or repelled by a long horizontal wire KL when there
is a constant current in the wire.

S

N
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F

i

(a) (b)

Figure 3.5: (a) Simpli�ed representation of �gure 3.4, seen sideways. (b) The experiment seen from above. The
letter F represents the force exerted by the horizontal wire on the vertical needle.

3.4 Discovery of the Closed Currents

At the meetings of the French Academy which took place on 18 and 25 September 1820, Amp�ere described an-
other very important experiment which we mentioned on Sections 2.3 and 2.4. He utilized his galvanoscope.12

This experiment was also described in his �rst published paper dealing with electrodynamics.13 With this
experiment Amp�ere concluded that in Volta’s original experiment in which the terminals of a battery were
connected to a conducting wire, the electric current 
owed in a closed circuit. That is, it 
ows not only along
the metal wire, but also inside the battery. In order to reach this conclusion, he placed his galvanoscope not
only above or below the wire, as �rsted had done, but also above the trough battery. When a current was

owing in this circuit, he observed the de
ection of the magnetized needle of his galvanoscope placed above
the battery. This fact indicated that the current was also 
owing inside the battery. He could also ascertain
the sense of the current inside the battery by the direction of the de
ection of the magnetic needle. He
concluded that the current followed a closed path 
owing always in the same sense (clockwise, for instance)
along the whole circuit composed of the battery and connecting metal wire.14

Although this conclusion may seem trivial to us nowadays, this was a new experimental discovery at
that time. Jean-Baptist Biot (1774-1862), for instance, one of the main researchers of electromagnetism in
Amp�ere’s time, had rejected explicitly in 1816 the possibility that an electric current might 
ow inside the

12See Section 2.3 on our page 32.
13[Amp�ere, 1820c], [Amp�ere, 1965a] and [Chaib and Assis, 2007d].
14[Blondel, 1982, pp. 72-75], [Steinle, 2000], [Steinle, 2005], [Wol� and Blondel, 2005] and [Benseghir and Blondel, 2007].
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battery.15 In his �rst paper on electrodynamics Amp�ere did not present a �gure describing this experiment.
However, such a representation was included in the work of Babinet and Amp�ere. In this representation we
can see the trough battery, �gure 2.6.16

We illustrated Amp�ere’s experiment with �gure 2.7.

3.5 Reproducing the Attraction and Repulsion between Two Mag-
nets

In the letter to his son, written in September 1820, quoted in Section 2.2, Amp�ere mentioned that his initial
motivation was to explain �rsted’s new discovery and the magnetic phenomena already known for a long
time beginning from a single principle. In particular, he supposed the existence of electric currents inside
the Earth and inside magnets. He then interpreted �rsted’s experiment as being due to a direct interaction
between the current 
owing in the conductor and the supposed currents existing inside the magnet. In order
to test his hypothesis of the existence of electric currents in the Earth and in magnets, Amp�ere tried to
reproduce the magnetic phenomena already known utilizing only electric circuits.

Consider two magnetic bars aligned along their parallel axes with their poles in the sequence NSN 0S0.
They were long known to attract one another, as indicated in �gure 3.1. If they were aligned with their
poles in the sequence NSS0N 0 they would repel one another.

Amp�ere tried to replicate this behavior utilizing only current-carrying wires. To this end he simulated a
bar magnet utilizing an electric circuit with the current describing a planar spiral, as in �gure 3.6.

Figure 3.6: Wire coiled in a planar spiral.

The plane of this spiral should be considered orthogonal to the magnetic axis of the magnetized bar it
was replacing. He then suspended this spiral in a vertical plane, like a pendulum, with its horizontal axis
aligned with the North-South axis of another horizontal magnetized bar. When there was a constant current

owing through the spiral, he observed an attraction between the spiral and the bar magnet. By reversing
only the sense of the current, or the pole of the magnet which was closest to the spiral, the attraction was
changed into a repulsion. By reversing both, the sense of the current and the closest pole of the magnet,
their attraction remained. He described this experiment as follows:17

Now, if electric currents are the cause of the directive action of the Earth, then electric currents could
also cause the action of one magnet on another magnet. It therefore follows that a magnet could be
regarded as an assembly of electric currents in planes perpendicular to its axis, their direction being such
that the austral pole of the magnet, pointing North, is to the right of these currents since it is always
to the left of a current placed outside the magnet, and which faces it in a parallel direction, or rather
that these currents establish themselves �rst in the magnet along the shortest closed curves, whether
from left to right, or from right to left, and the line perpendicular to the planes of these currents then
becomes the axis of the magnet and its extremities make the two poles. Thus, at each pole the electric
currents of which the magnet is composed are directed along closed concentric curves. I simulated this
arrangement as much as possible by bending a conducting wire in a spiral. This spiral was made from
brass wire terminating in two straight portions enclosed in two glass tubes18 so as to eliminate contact
and attach them to the two extremities of the battery.

15[Grattan-Guinness, 1990a, p. 920].
16[Amp�ere and Babinet, 1822a, p. 4, �gure 1] and [Amp�ere and Babinet, 1822b, p. 169, �gure 1].
17[Amp�ere, 1820f, pp. 207-208], [Amp�ere, 1965a, pp. 152-153] and [Chaib and Assis, 2009b, pp. 137-138].
18[Note by Amp�ere:] I have since changed this arrangement as I shall show later.
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Depending on the direction of the current, such a spiral is greatly attracted or repelled by the pole of a
magnet which is presented with its axis perpendicular to the plane of the spiral, according as the current
of the spiral and of the pole of the magnet 
ow in the same or opposite directions.

Amp�ere’s experiment can be illustrated by �gure 3.7. �rsted had observed the directive action of the
current-carrying wire acting on the magnetic needle. Amp�ere, on the other hand, observed the attractive
and repulsive actions of a bar magnetic acting on a conducting wire bent in a spiral.

Figure 3.7: Attraction between a current-carrying wire bent in a spiral and a magnetized bar. The remainder of the
closed circuit connecting the extremities of the wire to the battery is not shown. The wire connecting the spiral to
the upper support is an insulator.

Amp�ere’s important experiment with spirals can be easily repeated with simple materials.19

3.6 Interaction between Current-Carrying Wires

3.6.1 Interaction between Spirals

Amp�ere then performed a new experiment which opened a whole new area of research. This time, he replaced
the magnetized bar of �gure 3.7 by a second spiral. He had then two spirals in parallel vertical planes, with
their centers at the same height above the ground and with both spirals sharing the same axis. When a
constant electric current was 
owing in both spirals, he observed their attractions or repulsions, depending
on the senses of the currents in both spirals, as represented in �gure 3.8.20

With this experiment he was able to reproduce the attraction and repulsion between two aligned mag-
netized bars, as in �gure 3.1, utilizing two parallel spirals, as in �gure 3.9.

Amp�ere described this observation as follows:21

In replacing the magnet by another spiral with its current in the same direction, the same attractions
and repulsions occur. It is in this way that I discovered that two electric currents attract each other
when they 
ow in the same direction and repel each other in the other case.

This is one of the most important experiments ever performed in the history of physics. It showed
for the �rst time the attraction and repulsion between current-carrying wires. This experiment created a
whole new area of knowledge, namely, the interaction between electric currents. The magnetic properties
of the Earth and other magnets were not relevant here. Later on Amp�ere called this new branch of science
electrodynamics,22 as described in Section 1.4. The experimental origin of this new science was this interaction
between current-carrying spirals. Moreover, it was exactly this experiment which suggested to Amp�ere that
two parallel electric currents should attract each other when they 
owed in the same sense and should repel
each other when they 
owed in opposite senses. These spiral experiments were presented to the Academy of
Sciences of Paris on 25 September 1820, being published in the same year.23

19[Souza Filho et al., 2007] and [Assis et al., 2007].
20[Amp�ere, 1820f, �gure 11], [Amp�ere, 1965a, �gure 47, p. 153] and [Chaib and Assis, 2009b, �gure 11, p. 138].
21[Amp�ere, 1820f, p. 208], [Amp�ere, 1965a, pp. 153-154] and [Chaib and Assis, 2009b, p. 138].
22[Amp�ere, 1822d, p. 60], [Amp�ere, 1822j, note on p. 200], [Amp�ere, 1885e, note on p. 239], [Amp�ere, 1822e, note on p. 237]

and [Amp�ere, 1885d, note on p. 192].
23[Amp�ere, 1820f], [Amp�ere, 1965a, pp. 146-154] and [Chaib and Assis, 2009b].
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Figure 3.8: Amp�ere’s �rst observation of attraction and repulsion between two current-carrying conductors. Spiral
A remains �xed in the laboratory, while spiral B is mobile in such a way that it can move towards spiral A or away
from it.

Figure 3.9: Attraction between two current-carrying spirals.

It might be thought that this important experimental discovery made by Amp�ere was a necessary con-
sequence of �rsted’s experiment. However, Arago showed that this was not the case. After all, a magnet
exerts forces upon a piece of soft iron but two pieces of soft iron are without e�ect upon each other.24 Arago
expressed himself as follows:25

The infallible way of reducing to silence this passionate opposition, to undermine their objections, would
be to quote an example of two bodies which, separately, act on a third body but which, on the other
hand, do not exert any action on one another. A friend of Amp�ere [namely, Arago himself] observed that

24[Whittaker, 1973, p. 84] and [Tricker, 1965, p. 23].
25[Arago, 1854a, pp. 59-60].
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magnetism o�ers a phenomenon of this kind. He said the following to the complacent antagonists of the
great geometer: \Here we have two soft iron keys. Each one of them attracts this compass. If you do
not prove that, when presented to one another, these keys attract or repel one another, then the point
of departure of all your objections will be false."

This counter example presented by Arago was expressed by Amp�ere in the following words:26

When M. Oersted discovered the action which a conductor exerts on a magnet, it really ought to have
been suspected that there could be interaction between two conductors; but this was in no way a necessary
corollary of the discovery of this famous physicist. A bar of soft iron acts on a magnetized needle, but
there is no interaction between two bars of soft iron. Inasmuch as it was only known that a conductor
de
ects a magnetic needle, could it have been concluded that electric current imparts to wire the property
to be in
uenced by a needle in the same way as soft iron is so in
uenced without requiring interaction
between two conductors when they are beyond the in
uence of a magnetized body? Only experiments
could decide the question; I performed these in the month of September 1820, and the mutual action of
voltaic conductors was demonstrated.

3.6.2 Interaction between Two Parallel Straight Wires

On 2 October 1820, Amp�ere presented to the Academy of Sciences of Paris his �rst published work on this
subject.27 On 9 October he showed the Academy an experiment in which two long parallel and straight
wires attracted one another when the currents in both wires 
owed in the same sense, repelling one another
when they 
owed in opposite senses, �gure 3.10 (a).

Figure 3.10: (a) Amp�ere’s demonstration that parallel straight wires carrying currents in the same sense attract one
another, repelling when the currents 
owed in opposite senses. Conductor AB is �xed in the laboratory, while the
mobile conductor CD can turn around the horizontal axis EF , moving towards AB or away from it. The straight
segments AB and CD are initially in the same horizontal plane, with the axis EF vertically above CD. (b) Our
representation of this experiment, indicating the current senses.

Conductor AB is �xed in the laboratory, while the conductor ECDF can turn around the horizontal
axis EF , with the portion CD moving towards AB or away from it. Initially the straight segments AB and
CD are located in the same horizontal plane. When the current 
ows from A to B and from C to D, the
segment CD is attracted towards AB. By inverting the sense of the current in only one of these conductors,
CD is then repelled by AB. On the other hand, by reversing the sense of the current in both conductors,
the segment CD is once again attracted towards AB.

This experiment is one of the most famous demonstrations ever performed by Amp�ere, for several reasons.
In the �rst place, this was the only �gure appearing in his �rst published paper.28 In the second place, it
shows an interaction which Amp�ere considered fundamental, namely, the attraction and repulsion between
rectilinear parallel current-carrying conductors. In the third place, this phenomenon is the basis of the

26[Amp�ere, 1826f, pp. 113-114], [Amp�ere, 1823c, Amp�ere, 1990, pp. 285-286] and [Amp�ere, 1965b, pp. 195-196].
27[Amp�ere, 1820c], [Amp�ere, 1965a, pp. 140-146] and [Chaib and Assis, 2007d].
28[Amp�ere, 1820c].
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so-called current balance or Amp�ere balance. These balances, found in most didactic physics laboratories,
are utilized to determine the intensities of electric currents. The current to be measured is passed in series
through two pieces of wire, one of which is attached to one arm of a sensitive balance. The electrodynamic
force between the two coils is measured by the amount of weight needed on the other arm of the balance to
keep it in equilibrium.

Amp�ere’s description of his experiment:29

But the di�erences aforementioned are not the only ones which distinguish these two states of electricity.
I discovered other more remarkable di�erences by disposing, in parallel directions, two straight parts of
two conductors connected to the extremities of two voltaic batteries. One straight part was �xed, but the
other, suspended from points and made highly mobile by a counter-weight, free to move parallel towards
it or away from it.30 I observed that by passing an electric current through both parts at the same time,
they were mutually attracted when both currents were in the same sense, and that they repelled one
another when the currents were in opposite directions.

3.7 Reproduction of the Directive Action of the Earth upon a
Compass

As seen in Section 3.5, with two current-carrying spiral wires Amp�ere could reproduce the attractive and
repulsive action between two aligned magnetized bars, �gures 3.1 and 3.9.

Amp�ere tried now to reproduce the Earth’s directive action upon a compass. It was known for centuries
that a compass is aligned along the Earth’s magnetic meridian. It was already known for a long time that a
magnetized bar can also orient a magnetic needle. Amp�ere tried to reproduce the behavior of the compass
in these experiments working only with a current-carrying wire. He tried to simulate the compass by a
conducting helix coiled around a glass tube supported in the middle over a very thin rigid point, like the
vertical needle over which a compass can turn freely in the horizontal plane.31

This current-carrying helix was oriented by a nearby bar magnet. In this way he succeed in reproducing
the directive action between two bar magnets. This experiment happened at the end of September or
beginning of October 1820. However, the Earth did not orient this current-carrying helix. He expected to
see this helix oriented along the local magnetic meridian, but this e�ect did not take place. He suspected
this lack of orientation might be due to the friction between the vertical pivot needle and the center of the
glass tube at their point of contact. He then switched to a more mobile suspension shown in �gure 3.11
(a).32

The helix was coiled around two hollow insulating glass tubes, ACD and BEF . A vertical wire HF
entered the tube FEB in F , leaving at point B. It was then coiled into a helix around both glass tubes
along BECA, entering the tube in A, leaving at point D, going down along DG. The helix coiled around
both glass tubes could turn around the vertical axis HG. Amp�ere could also observe the orientation of this
helix by approaching one of its extremities with a bar magnet. However, he was unsuccessful in orienting it
by the Earth’s magnetism, despite the extremely little friction of this apparatus. This anomaly was against
his expectations and he was initially at loss to explain it.

On 17 October 1820, Amp�ere showed to Biot and Gay-Lussac (1778-1850) a simpli�ed version of the
instrument shown in �gure 3.12.33

This instrument is similar to that presented in �gure 3.10, but now with the two straight conductors
making an adjustable angle with one another. Conductor SR is �xed in the laboratory. Its inclination
relative to the vertical direction can be arbitrarily adjusted. Its distance to the conductor BC can also
be adjusted at will. Conductor BC is mobile around the vertical axis passing through point D. Amp�ere
described this instrument as follows:34

29[Amp�ere, 1820c, p. 69], [Amp�ere, 1965a, pp. 144-145] and [Chaib and Assis, 2007d, p. 97], our words in the footnote.
30In Amp�ere’s �gure 1, our �gure 3.10 (a), the �xed straight part is represented by AB. The mobile wire is represented by

XCDY . The counter-weight is represented by V H. The mobile portion can turn around the horizontal axis XY . With the
counter-weight it is possible to adjust the distance between the rotation axis XY and the center of gravity of the mobile system
(composed of the counter-weight plus the mobile portion XCDY ). By decreasing this distance, the sensitivity of the balance
is increased. This means that the mobile system will be de
ected from the vertical plane by a greater angle when it is under
the action of a horizontal force exerted by the �xed portion. This force can be attractive or repulsive.

31[Amp�ere, 1820f, p. 172] and [Chaib and Assis, 2009b, p. 121].
32[Amp�ere, 1820f, �gure 3] and [Chaib and Assis, 2009b].
33[Amp�ere, 1820f, �gure 6], [Amp�ere, 1965a, �gure 45, p. 149] and [Chaib and Assis, 2009b, �gure 6].
34[Amp�ere, 1820f, p. 182] and [Chaib and Assis, 2009b, p. 126].
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Figure 3.11: (a) Amp�ere’s helix. (b) Our reproduction of this �gure indicating the current sense in this experiment.

Figure 3.12: Instrument utilized to show the interaction between two conductors having variable orientations.
Conductor SR is �xed in the laboratory, having an angular inclination which can be adjusted relative to the vertical
direction. Conductor BC is mobile around the vertical axis passing through point D in such a way that it can move
towards SR or away from it.

I asked to be constructed, for these experiments, an instrument which I showed on 17 October [1820], to
MM. Biot and Gay-Lussac, and which only di�ers from the apparatus represented in �gure 1 [our �gure
3.10] in the fact that the �xed conductor of this last instrument was replaced by a conductor connected
to a circle which turned around a horizontal axis perpendicular to the direction of the mobile conductor,
by means of a return pulley [poulie de renvoi], and graduated in such a way that we could see over the
limb the angle formed by the directions of the two currents, in the di�erent positions which could be
done successively to the conductor carried by the graduated circle.
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Amp�ere’s intention to build such a complex instrument seems to have been to make a series of detailed
measurements of the force and torque on the mobile conductor as a function of its distance and inclination
to the �xed conductor. But apparently these measurements were never made. In any event, it was with this
instrument that Amp�ere observed for the �rst time, completely by chance, without having anticipated this
e�ect, the directive action of the Earth upon a mobile conductor carrying a steady current.35

What Amp�ere observed was the de
ection of the mobile conductor BC around the vertical axis passing
through point D when there was a current in this conductor. This de
ection took place even when there
was no current in the mobile conductor SR. He concluded that this torque on the mobile conductor was due
to the Earth’s electromagnetic action.

Amp�ere then realized that his failure in obtaining an orientation of the helix coil of �gure 3.11 (a) by the
Earth was not due to friction. This lack of motion was due to the small diameter of his coiled helices around
the glass tube. He concluded that by increasing the diameter of the helices, he might increase the terrestrial
torque acting on them, up to a point in which this e�ect might be visible and reproducible. He succeeded in
showing this e�ect experimentally, proving that the torque upon a current-carrying loop did in fact increase
with a larger diameter of the loop. Later on he built a large circular loop, almost closed, with 20 cm radius,
which was freely suspended in a vertical plane by two vertical wires connected to the upper extremities of
the loop. This circular loop could turn freely around a vertical axis passing through its center. When current

owed in this loop, it was oriented by terrestrial magnetism. In equilibrium the vertical plane of the loop
remained orthogonal to the vertical plane passing through the local magnetic meridian, as represented in
Amp�ere’s �gure 3.13.36

Figure 3.13: Current carrying circular loop which is oriented by terrestrial magnetism. The circular loop can turn
freely around the vertical axis passing through its center.

That is, with the instrument of �gure 3.13 Amp�ere succeeded in simulating with a current-carrying
loop the behavior of an ordinary magnetic compass which is oriented along the local terrestrial magnetic
meridian. In equilibrium the plane of Amp�ere’s circular loop becomes orthogonal to the direction indicated
by an ordinary horizontal compass needle.

Amp�ere then proceeded in order to simulate the behavior of a dip needle utilizing only current-carrying
conductors. He was also successful in this endeavors. The instrument showing this e�ect appeared as �gure
5 of the second part of his �rst published paper on electrodynamics,37 reproduced here as our �gure 3.14
(a).38

There is a rectangular loop of sides BC = 30 cm and CD = 60 cm. This rectangular loop can turn freely
around the horizontal axis GH or QS. The battery should be connected to the cups U and T . Supposing

35[Amp�ere, 1820f, pp. 172-173 and 182-183] and [Chaib and Assis, 2009b, pp. 121-122 and 126].
36[Amp�ere, 1820f, �gure 7], [Amp�ere, 1965a, �gure 46, p. 151] and [Chaib and Assis, 2009b, �gure 7].
37[Amp�ere, 1820f] and [Chaib and Assis, 2009b].
38[Amp�ere, 1820f, �gure 5] and [Chaib and Assis, 2009b, �gure 5].
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Figure 3.14: (a) Rectangular current-carrying loop which is oriented by terrestrial magnetism, in analogy with a dip
needle. (b) Our �gure indicating the sense of the electric current in this experiment.

that the positive terminal of the battery is connected at cup U , the electric current will follow the path
USABCDEFGQ, leaving at cup T which is connected to the negative terminal of the battery. Suppose the
rectangular loop ABCDEF is initially at rest in a horizontal plane. By passing a constant current in this
loop, it becomes inclined relative to the horizontal plane due to its interaction with terrestrial magnetism.
In its new orientation of equilibrium, the plane of the rectangular loop becomes orthogonal to the axis of a
dip magnetic needle. That is, the ABCDEF plane becomes parallel to the equatorial plane of a dip needle.
With this experiment Amp�ere reproduced electrodynamically the behavior of a dip needle utilizing only a
current-carrying rectangular loop of large area.

We could not locate any modern author discussing this important experiment made by Amp�ere. The
reason for this lack of attention of modern authors may be related to the fact that although this experiment
is discussed in Amp�ere’s paper, this speci�c �gure is not mentioned explicitly in his article. Poudensan,39

for instance, published in 1964 a summary of the two parts of Amp�ere’s paper of 1820.40 He reproduced
Amp�ere’s �rst four �gures, skipped Amp�ere’s original �fth �gure, replacing it by Amp�ere’s original sixth
�gure, but renumbering is as �gure 5, without warning his readers about this fact.41 The same also happened
with a reproduction of Amp�ere’s �rst paper published in 1921.42 Amp�ere and Babinet’s book is one of the
rare works discussing this experiment.43

Amp�ere presented these results at the Academy of Sciences of Paris on 30 October 1820. With these
electromagnetic experiments he could reproduce the main magnetic phenomena already known for a long
time, replacing now the magnetic needle by appropriate current-carrying conductors.

3.8 �rsted’s Electrodynamic Experiment

Amp�ere was also successful in reproducing �rsted’s experiment utilizing only current-carrying conductors.
That is, he replaced the magnetic needle of �rsted’s original experiment by a current-carrying wire which was
oriented by another long straight wire carrying a steady current. This experiment performed by Amp�ere will
be called here �rsted’s electrodynamic experiment. It was presented in the second part of his �rst published
paper, �gure 3.15.44

39[Amp�ere, 1964].
40[Amp�ere, 1820c] and [Amp�ere, 1965a, pp. 140-146], [Amp�ere, 1820f] and [Amp�ere, 1965a, pp. 146-154],

[Chaib and Assis, 2007d] and [Chaib and Assis, 2009b].
41[Amp�ere, 1964, p. 39].
42[Amp�ere, 1921].
43[Amp�ere and Babinet, 1822b, p. 188] and [Amp�ere and Babinet, 1822a, p. 23].
44[Amp�ere, 1820f, �gure 2] and [Chaib and Assis, 2009b, �gure 2].
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Figure 3.15: Amp�ere reproduced �rsted’s original experiment utilizing now only current-carrying conductors. In
Amp�ere’s original �gure 2 of his paper, [Amp�ere, 1820f], the letters G and H along the central vertical axis do not
appear. As these letters were mentioned by Amp�ere in his paper, they were included here in order to facilitate the
comprehension of this experiment. A �gure with these letters as they are shown here appeared in [Amp�ere, 1964, p.
36]. Conductor AB is �xed in the laboratory, while conductor MN is mobile. It can turn freely around the vertical
axis ZHGP .

Amp�ere’s own description of his experiment:45

The electric current, arriving in this instrument by the support CA (�gure 2 [our �gure 3.15]), follows
initially the conductor AB, returning by the support BDE. From this support, by the small steel goblet
F , where I placed a globule of mercury, and inside which turned the steel pivot of the glass axis GH,
the current communicated itself to the copper joint I and to the conductor KLMNOP Q, the extremity
Q of which plunged into the mercury which was placed in communication with the other extremity of
the battery. Everything being so arranged, it is clear that, in the situation in which this conductor is
represented and in which I initially placed it, supporting it against the appendix T of the �rst conductor,
the current of the part MN 
owed in opposite sense as regards the current of AB, whereas when one
made [the current] describe a semi-circumference KLMNOP Q, the two currents 
owed in the same
sense.

Then the e�ect I expected was produced. At the moment in which the circuit was closed, the mobile
portion of the instrument turned by the mutual action between this portion and the �xed conductor
AB, until the situation in which the currents, which were initially in contrary senses, remained in such
a con�guration in which they were parallel and [
owed] along the same sense. The acquired speed made
the circuit go beyond this last position; but it returned to it, went a little beyond it, and �nished at rest
after a few oscillations.

The mobile conductor KLMNOPQ could turn around the vertical axis GH. The horizontal �xed
conductor AB and the horizontal upper segment MN of the mobile conductor were always orthogonal to
the vertical axis connecting the centers of these two conductors. The angle between the upper conductor
MN and the �xed conductor AB could be changed by the torque exerted on the mobile conductor. We will
represent by the symbol � the angle between the vertical planes passing through each one of these conductors,
namely, AB and MN , such that 0 rad � � � � rad, �gure 3.16.

When both currents 
ow in the same sense as, for instance, to the right in �gure 3.16, with AB super-
imposed over the segment MN , we have � = 0 rad. When MN is orthogonal to AB we have � = �=2 rad.
Moreover, � = � rad when both currents 
ow in opposite senses as, for instance, with the current 
owing
to the right in AB and to the left in MN , with AB superimposed over the segment MN . With this elec-
trodynamic experiment Amp�ere observed that the �nal orientation of equilibrium is the position in which

45[Amp�ere, 1820f, p. 171] and [Chaib and Assis, 2009b, p. 121].
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Figure 3.16: This drawing presents �gure 3.15 as seen from above. The horizontal conductor AB is �xed in the
laboratory, while the mobile horizontal conductor MN can turn around the vertical axis passing through point H.

� = 0 rad, no matter the initial value of the angle � with which the loop KLMNOPQ is released from rest.
That is, the torque exerted by AB on the mobile loop always tends to decrease the angle �.

Figure 3.17 presents qualitatively the torque acting on the mobile conductor as a function of the angle �
taking into account the results of this electrodynamic experiment represented in �gure 3.15. This experiment
is somehow analogous to that experiment represented in �gure 3.12. The di�erence between them is that in
the experiment of �gure 3.15 Amp�ere was observing the torque between the interacting circuits, while in the
experiment of �gure 3.12 he was observing the net force acting on them.

tmax

Torque

p0

2
p d (rad)

Figure 3.17: Qualitative behavior of the torque acting on the mobile circuit MN as a function of the angle � in the
experiment of �gure 3.15.

According to �gure 3.17, there is zero torque for � = 0 rad and for � = � rad. The maximum torque
happens at the angle � = �=2 rad. When � = 0 rad, there is stable equilibrium. On the other hand, when
� = � rad, there is unstable equilibrium. In this �gure we are utilizing the convention that a positive torque
tends to decrease the angle � between the conductors, in the same way that a positive force tends to decrease
the distance r between the current-carrying conductors.

This experiment had a great importance in the formulation of the mathematical expression describing
Amp�ere’s force between two current elements. Let us consider two current elements in the same plane with
both currents 
owing towards a certain point V , as �gure 3.18 (a), or away from this point, as in �gure
3.18 (b). In order to explain the origin of the torque on the mobile conductor of �rsted’s electrodynamic
experiment, Amp�ere concluded that the current elements of situations (a) and (b) of �gure 3.18 should
attract one another. With this assumption he could explain how the torque on the mobile conductor in this
experiment might make the angle � go to zero. Amp�ere’s explanation was based on an attraction between
segments NH and AH of �gure 3.16, together with another attraction between segments HB and HM .

Let us now consider the situation in which one of the currents was 
owing towards point V while the
other current was 
owing away from V , as in cases (a) and (b) of �gure 3.19. In order to explain �rsted’s
electrodynamic experiment Amp�ere concluded that these current elements ids and i0ds0 should repel one
another in both cases. With this assumption there would be a repulsion between segments NH and BH
of �gure 3.16, together with another repulsion between segments AH and HM . He could then explain the
torque on the mobile conductor in such a way as to make the angle � go to zero.

3.9 �rsted’s Inverse Experiment

In his original experiment, which he sent to several scientists in July 1820, �rsted had modi�ed the natural
orientation of a magnetic needle due to the in
uence of a nearby long straight wire carrying a steady
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Figure 3.18: (a) Current elements ids and i0ds0 in the same plane directed towards a certain point V . (b) Current
elements in the same plane directed away from point V . According to Amp�ere, the current elements ids and i0ds0 in
cases (a) and (b) were attracting one another.
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Figure 3.19: Electric currents in the same plane. One of them 
ows towards a certain point V , while the other 
ows
away from it. According to Amp�ere, a repulsion should take place between the current elements ids and i0ds0 in both
situations, (a) and (b).

current.46 Two months later, he published another work in which he described his observations of the
inverse phenomenon. He supposed Newton’s law of action and reaction to be valid for the interaction
between a magnet and a current-carrying wire. In this speci�c case, if a current-carrying wire generates a
torque on a magnetized needle, then the magnet should generate an opposite torque on the wire. He then
predicted that a magnet �xed in the laboratory might produce a rotation, relative to the laboratory, of a
loop carrying a steady current. He performed the experiment and observed the expected e�ect.47 A battery
was connected to the current-carrying wire. This battery was called a \galvanic element" by �rsted. The
system composed of the battery and current-carrying wire was suspended by a vertical string in such a way
that it could turn around this string. A powerful magnet was placed close to the system. His prediction of
what should take place has been expressed as follows:48

As a body cannot put another in motion without being moved itself, provided it is moveable, it is easy
to foresee that the galvanic element must acquire some motion from the magnet.

His conclusions after performing this experiment:49

If, instead of a moveable needle, one of the poles of a powerful magnet is presented to one of the extremities
ff [of a brass wire connected to the galvanic element in such a way that a constant current 
owed in this
wire], the galvanic apparatus will be put in motion and will rotate around the extended axis of the wire
ab [that is, around the vertical axis along which it was suspended] according to the nature of the pole.

That is, if the North pole of the magnet was presented to a speci�c region of the closed circuit composed
of the battery and current-carrying wire, the system would turn clockwise around the vertical axis. If the
South pole of the magnet was presented to the same region of the closed circuit, an anti-clockwise rotation
would take place.

Amp�ere also did succeed in obtaining this inverse e�ect. As described in the second part of his �rst paper
on electrodynamics of 1820, he utilized the instrument illustrated in �gure 3.15:50

46[Oersted, 1820], [Oersted, 1965] and [�rsted, 1986].
47[�rsted, 1998c, p. 423].
48[�rsted, 1998c, p. 423].
49[�rsted, 1998c, p. 423].
50[Amp�ere, 1820f, pp. 216-217] and [Chaib and Assis, 2009b, p. 141].
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By replacing the �xed conductor AB by a magnetized bar situated horizontally in a direction perpen-
dicular to that of this conductor, and in such a way that the currents of this magnet 
ow in the same
sense as the electric current established at �rst in the �xed conductor, one then passes the current only
through the mobile conductor, and one observes that this one turns by the action of the magnet precisely
as it would turn in the experiment in which the current had been established in the two conductors, and
in which there was no magnetized bar. It was with the goal to attach this bar, that I connected to this
apparatus the support XY , terminated in Y by the box Z open in both ends where one �xes the magnet
in the position which I have just explained by means of the pressure screw V .

3.10 Summary of Amp�ere’s Initial Experiments

Amp�ere succeeded in obtaining several new phenomena which no one had observed before him:

1. Forces of attraction and repulsion between a rectilinear wire carrying a steady current and a magnet.

2. Attraction and repulsion between planar spirals carrying steady currents.

3. Attraction and repulsion between straight conductors carrying steady currents.

4. Torque exerted by a current-carrying loop and acting on another current-carrying loop.

5. Torque exerted by the Earth on a current-carrying loop.

6. He discovered that the electric current also 
ows inside the battery. He also obtained the sense of
this current. These were important results in order to establish the concept of a closed circuit or the
concept of a current following a closed path.

7. He reproduced electrodynamically the torques and forces between interacting magnets. To this end he
replaced the magnets by planar spirals or by helices coiled around glass tubes.

8. He reproduced the directive action of the Earth, that is, the orientation of a magnetic needle along the
magnetic meridian due to the magnetic in
uence of the Earth. To this end he replaced the compass
needle by a large circular loop carrying a steady current.

9. He reproduced �rsted’s original experiment electrodynamically. To this end he replaced �rsted’s
magnetic needle by a mobile loop carrying a steady current.

Items (2), (3) and (4), in particular, created a whole new research area, namely, the interaction between
conductors carrying steady currents. Since the beginnings of his researches, Amp�ere had two clear goals in
mind. The �rst goal was to obtain a mathematical expression with which he might explain quantitatively the
interaction between current-carrying conductors. The second goal was to explain quantitatively all magnetic
phenomena already known for a long time (orientation of a compass by the Earth, attractions and repulsions
between magnets), together with the new electromagnetic phenomena discovered by �rsted and himself
(torques and forces between a magnet and a current-carrying wire, orientation of a current loop by the
Earth). In order to reach this second goal he assumed the existence of electric currents inside the Earth and
inside permanent magnets. He would then need to obtain how these supposed currents were 
owing inside
the Earth and in magnets. In this book we will follow the path he followed successfully.



Chapter 4

Initial Formulations of the Force
between Current Elements

4.1 First Trial

Since the beginning of his researches on the force between two conductors carrying steady currents, Amp�ere
assumed some principles or hypotheses, namely: (A) The force between two �nite conductors could be
obtained by the integration over each circuit of a supposed in�nitesimal force between two current elements.
(B) This in�nitesimal force was assumed to act along the straight line connecting the centers of these
current elements. (C) This force should comply with Newton’s action and reaction law. (D) He also initially
assumed, in analogy with the other known forces of gravitation, electrostatics and magnetostatics, that this
force should vary with the inverse square of the distance between the current elements. (E) He supposed
that this force should be proportional to the product of the intensities of both current elements and also
to the product of their in�nitesimal lengths, although initially he was not yet clear about the distinction
between current intensity and the length of the current element.

In Section 3.6 it was seen that with the instrument presented in �gure 3.10 (a) Amp�ere showed, in
September 1820, that two rectilinear and parallel conductors attracted one another when the current was

owing in the same sense in both wires. When the currents 
owed in opposite senses the wires repelled one
another. He utilized this experimental fact as another extremely important principle in order to arrive at
the force between two current elements.

In October 1820 the instrument of �gure 3.12 was built. With this apparatus he could analyze the
interaction between straight wires which were inclined relative to one another. There is a �xed conductor
SR with an adjustable angle relative to the vertical. The vertical conductor BC can turn around a vertical
axis passing through point D, moving towards SR or away from it. Conductors SR and BC were always
orthogonal to the straight line connecting the centers of these two conductors. The angle between the
conductor SR and the vertical could be changed at will. Let � be the angle between the plane formed
by each one of these conductors, SR and BC, with the straight line connecting their centers, such that
0 rad � � � � rad, �gure 4.1.

di
B C

S

R

i

Figure 4.1: This illustration presents the experiment of �gure 3.12 as seen along the straight line connecting the
centers of conductors SR and BC. Conductor SR is �xed in the laboratory, while conductor BC is mobile, so that
it can move towards SR or away from it.
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The con�guration of this experiment is analogous to �gures 3.15 and 3.16. This time, however, an
attraction or repulsion is observed between the conductors, instead of their mutual torques. The �xed
conductor SR of �gures 3.12 and 4.1 plays the same role as the �xed conductor AB of �gures 3.15 and 3.16,
while the mobile conductor BC plays the same role as the mobile conductor MN . In the situation of �gures
3.12 and 4.1 the angle � coincides with the angle " between conductors SR and BC. When the currents in
both conductors 
ow in the same sense as, for instance, vertically upwards, we have � = 0 rad. When SR is
horizontal and BC vertical we have � = �=2 rad. On the other hand, � = � rad when both currents 
ow in
opposite senses as, for instance, vertically upwards in BC and vertically downwards in SR.

With a qualitative experiment in which he collected no numerical data, Amp�ere observed that conductor
BC was attracted with maximal intensity when � = 0 rad, there was smaller attraction when 0 rad < � <
�=2 rad, null force when � = �=2 rad, repulsion when �=2 rad < � < � rad and a repulsion with maximal
intensity when � = � rad. Figure 4.2 presents the qualitative behavior of this force acting on the mobile
conductor as a function of the angle �. We are here assuming that a positive force is attractive, while a
negative force is repulsive.

Fmax

Fmin

Force

attraction

repulsion d (rad)

p
0

2
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Figure 4.2: Qualitative behavior of the force acting on the mobile conductor BC as a function of the angle � in the
experiment of �gure 3.12.

The experiments of �gures 3.12 and 3.15 showed qualitative results illustrated in �gures 4.2 and 3.17.
However, these qualitative results are not conclusive for several reasons. In the �rst place, Amp�ere did
not present precise quantitative measurements of the torque and force intensities, only their qualitative
behaviors. Moreover, the actions observed on the mobile conductor BC were due not only to the �xed
conductor SR, but also to the remaining portions of both circuits, and also due to the magnetic action of
the Earth. Another di�culty in these experiments is that, at the time of Amp�ere, it was still di�cult to keep
a battery maintaining an electric current with constant intensity, as the energy of the batteries did decrease
quickly with the passage of time. The inevitable sources of friction always present in these experiments
should also be mentioned. Amp�ere did not estimate the order of magnitude of these frictional forces. He did
not compare as well the magnitude of the forces of friction with the magnitude of the electrodynamic forces
between the conductors.

In any event, in chemise 158, written around the second week of October 1820, he began to outline an
expression for the force between two current elements utilizing these qualitative results. Figure 4.3 illustrates
one page of this manuscript.1

This chemise 158 is the oldest document in which Amp�ere discussed mathematical details of his force
between current elements. It is worthwhile to quote some of the main portions of this manuscript:2

Before occupying myself with the mutual action between an electric current and a magnet, I will add the
following observations relative to what I already said related to the action between two currents.

When the two currents are directed along two lines which do not meet, instead of being directed along
parallel lines [and 
owing] in the same sense or in opposite senses, in such a way that their directions form
an angle, there is attraction when, by considering these lines directed in the senses of the currents 
owing
in them, the angle formed by them is acute; but this attraction is always smaller than the attraction
taking place when the currents are parallel and directed in the same sense, and this attraction always
decreases when this angle increases, up to the point in which this attraction goes to zero when both
currents 
ow through rectangular directions [that is, perpendicular to one another and perpendicular to
the straight line connecting their centers].

1[Amp�ere, b, carton 8, chemise 158].
2[Amp�ere, b, carton 8, chemise 158], [Blondel, 1978] and [Hofmann, 1996, pp. 240-244].
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Figure 4.3: Amp�ere’s chemise 158 showing his �rst algebraic formulation of the force between two current elements.

When this angle is obtuse, the attraction is transformed into a repulsion; this repulsion [...] [reaches] its
maximum value when this angle is equal to two right angles, that is, when both currents are directed in
contrary senses along two parallel straight lines.

As the repulsion should be considered a negative attraction, this experiment shows that the attraction
diminishes with the cosine of the angle between the two currents, going then to zero [when this angle is a
right angle] and changes sign together with it. Therefore, when the intensity and length of both currents
remain constant, just like the shortest distance between their directions [remains constant], this action
should be expressed as a function of odd degree in the cosine of this angle.

I suppose here that this shortest distance passes always by the midpoints of the two currents, in such a
way that only the angle between the directions of these currents may change, considering [constant] all
other magnitudes on which their mutual action may depend.

Furthermore, this function of the cosine of the angle between the directions of the two electric currents
can have a simple form only when one considers in�nitely small portions of these currents. It is probable
that in that case it reduces to the �rst power of this cosine; at least this is the �rst supposition that
is suitable to test in the comparison of a hypothesis about the law of attractions and repulsions with
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the results of experience. It is necessary to include in what has already been said the decrease of the
attractions and repulsions when the distance increases, in the inverse square ratio of this distance, in
conformity to what is observed for all genres of action more or less analogous to this one. Moreover,
when the line connecting the center of the two portions of current, supposed in�nitely small, is not
perpendicular to their directions, the mutual action between them should still depend on the angles
which these directions form with the straight line of which we have been talking about. In this last case,
moreover, it seems that the cosine of the angle formed by the directions of the two currents when the line
connecting their centers is perpendicular to them should be replaced by the cosine of the angle formed
by the two planes formed by this line and by the directions of the two currents. When the two currents
are in the same plane, this cosine is always equal to one, as this angle is always zero.

It was upon these general considerations that I had constructed an expression for the attraction of two
in�nitely small currents which was, in truth, only a hypothesis, but the simplest one that could be
adopted and, consequently, the one that should be tried �rst.

I attempted to conclude from it the e�ects that would have to result, both for linear electric currents of
�nite extension, and for circular currents like those I have shown to exist in cylindrical magnets, and for
the currents which take place in copper wires bent into helices, because of the various experiments that
I had performed on the latter kind of currents.

I proposed to compare the results of these calculations with experiments in which one could measure the
intensity of the action of two linear conductors of �nite length, the angle between which could be varied
at will, because it is impossible to experiment with in�nitely small currents, and also when a magnet
is employed, [in this case,] no matter how small is the magnet, the action is even more complicated,
as it acts on currents forming closed curves determined by the cross sections of the magnet considered
perpendicular to the line connecting its poles.

For these measurements, I had an apparatus constructed which I showed to Biot and Gay-Lussac last
October 17th [1820]; I procured myself another one to observe the action between two currents bent into
helices.

The experiments I tried with these two instruments caused me to discover two new facts3 which compli-
cated the results of them and consequently forced me to suspend the veri�cations of the results of my
calculations that I had proposed to make with the aid of these apparatuses.

It was with this instrument that I observed for the �rst time the action exerted by the terrestrial globe
on electric currents, [an action] which I had tried in vain to produce with instruments less appropriate
to the success of this experiment, due to the fact that the net force of this action only tried to move the
mobile portion of the instrument by a very short arm of the lever.

[...] I had also announced that this value [of the force between two current elements] should depend on
the respective orientation of the two small portions of current which were being taken into account. This
orientation, in the most general case, is determined by three angles; the �rst two angles are those which
the directions [of the currents] make with the line connecting their midpoints, and the third angle is the
angle formed by the two planes passing through this last line and by the two small portions of electric
current.

Representing by r the distance between them [that is, between the two small portions of current], by
g and h the intensities of their currents, by dx and by dz their lengths and, �nally, by � and � the
angles they make with the line connecting their centers, and by 
 the angle between the two planes, it
will be easy, after the preceding considerations and observing that an in�nitely small portion exerts an
action necessarily proportional to the length | for, by dividing it in an arbitrary number of equal parts,
its action is the sum of the actions of all these parts, which are necessarily equal to one another |, to
conclude then that the expression we are looking for has the form

ghF (�; �; 
)

r2
; (4.1)

so that it is only necessary to deduce from the law quoted in the beginning of this memoir, what should
be the function of the angles for which this law should be satis�ed.

Several important aspects should be highlighted in this text. In the �rst place, equation (4.1) represents
Amp�ere’s oldest mathematical expression describing the force between two current elements. Initially Amp�ere
considered two currents 
owing through �nite straight wires which did not meet and for which the straight
line connecting their centers was perpendicular to their directions. Based on his experiments and utilizing
a principle of mathematical simplicity, he concluded that the force between two currents of �nite lengths

3These \new facts" will be discussed in Subsection 4.2.1.
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should be proportional to the cosine of the angle between the straight lines in which they were 
owing. This
cosine can be represented by cos ". In this example the angle " is equal to the angle 
 between two planes,
each one formed by the line connecting the midpoints of the two �nite straight lines with the directions of
the currents. When the straight line segment connecting the centers of the two current elements was no
longer perpendicular to their directions, Amp�ere mentioned that the expression cos " should be replaced by
cos 
, although he did not justify this conclusion. He expressed the in�nitesimal lengths of the two current
elements by dx and dz. This notation reveals his intention to integrate the force between current elements
in order to obtain the force between two segments of �nite length.

By considering rigorously this situation, any sum of terms of the form cosm 
, in which m was an odd
number, would be in agreement with the �ndings of this qualitative experiment. He utilized an argument
of simplicity in order to keep only the �rst power of cos 
 in his force expression. This argument may be
questioned, although it seems reasonable to begin with the simplest hypothesis.

Although this chemise 158 was not published in Amp�ere’s time, in another published paper of 1820 he
said the following:4

[...] moreover, in the expression [describing the force between two rectilinear currents] an odd power of
the cosine of the angle between their directions should appear, because the attraction is transformed into
a repulsion when this cosine changes sign. It is probable that this function is only the �rst power of this
cosine, this being at least the simplest function, that function which should be tried in the �rst place.

As described in Section 2.5, Amp�ere always assumed, since the beginnings of his researches, that the
attractive and repulsive forces between two current elements should be along the straight line connecting
their midpoints. Moreover, here we can observe that he also assumed that this force should vary as the inverse
square of the distance between the elements. From the experiments he performed with the instrument of
�gure 3.12 and supposing the simplest law satisfying the results of these experiments, he was then led to
assume that when the straight conductors were orthogonal to the line connecting their centers the force
between them should be proportional to:

gh cos 


r2
; (4.2)

in which gh indicated both the current intensities and the sizes of the current elements.
It was still necessary to determine the dependence of the force on the angles � and � when the current

elements were not orthogonal to one another. These are the angles between the two elements and the
straight line connecting them, as represented in �gure 2.15 (a). Blondel, Hofmann and Darrigol5 suggested
that Amp�ere around this time arrived at the following expression:

sin� sin� cos 


r2
: (4.3)

Figure 4.4 illustrates how he concluded that the force should be proportional to cos 
. We are considering
here current elements, instead of working with �nite straight segments. The element ds is located in the
plane of the paper, being orthogonal to the straight line connecting its center to the center of element ds0,
with � = �=2 rad. Element ds0 is also orthogonal to the straight line connecting its center to the midpoint
of element ds, with � = �=2 rad. The plane formed by ds with the straight line connecting the elements
makes an angle 
 with the plane formed by ds0 with the straight line connecting the elements.

Amp�ere initially considered two parallel current elements attracting one another with currents 
owing
in the same sense, with the force having its greatest intensity, with the direction of both current elements
being orthogonal to the line connecting their centers, that is, with 
 = 0 rad. In his mind he increased this
angle 
. When 0 rad < 
 < �=2 rad, both current elements still attracted one another, but with an intensity
smaller than the maximal intensity which took place for 
 = 0 rad. When 
 = �=2 rad their mutual force
vanished. In his mind he increased the angle 
 even more. When �=2 rad < 
 < � rad, the elements repelled
one another. Amp�ere increased the angle 
 even more, reaching the situation in which both elements were
once again parallel to one another, but now with currents 
owing in opposite senses, with 
 = � rad. In
this con�guration their repulsion had maximal intensity. Amp�ere then supposed that the simplest function
which should be adopted in order to represent this attractive and repulsive behavior should be proportional
to cos 
.

4[Amp�ere, 1820a, p. 248] and [Amp�ere, a, p. 11].
5[Blondel, 1982, p. 84], [Hofmann, 1982, p. 266], [Hofmann, 1996, pp. 240-241] and [Darrigol, 2000, p. 9].
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Figure 4.4: The element ds is located in the plane of the paper, being orthogonal to the straight line connecting
its midpoint to the center of element ds0, with � = �=2 rad. Element ds0 is also orthogonal to the straight line
connecting its midpoint to the center of element ds, making an angle � = �=2 rad with this line connecting both
elements. The angle 
 is the angle between the planes formed by the direction of each element with the line connecting
their midpoints.

Figure 4.5 illustrates the reasoning presented by Blondel, Hofmann and Darrigol in order to conclude
that the force between two current elements should be proportional to sin� sin�, as represented by equation
(4.3). We are considering the angles �, � and 
 as represented by �gure 2.15 (a).

Figure 4.5: Interaction between two current elements located in the same plane. In con�gurations A and B we have

 = 0 rad, in C the angle 
 is unde�ned, while in con�gurations D and E we have 
 = � rad.

We have two current elements of lengths ds and ds0 located in the same plane. They make angles � and
� with the same continuation of the straight line connecting their centers, r being the constant distance
between their midpoints. Once more we will begin with the same initial state of �gure 4.4, namely, with
� = � = �=2 rad and 
 = 0 rad. In this con�guration both elements are parallel to one another, they
are orthogonal to the line connecting their centers, and both currents 
ow in the same sense. They attract
one another with maximal intensity. The �nal con�guration will also be the same as that of �gure 4.4,
namely with � = � = �=2 rad and 
 = � rad. In this �nal con�guration they are once more parallel to
one another, they are orthogonal to the line connecting their center, but now the currents 
ow in opposite
directions. They repel one another with maximal intensity. As we go from the initial con�guration to the
�nal con�guration we will keep � = �=2 rad = constant, with both elements being constantly in the same
plane. From con�gurations A to C of �gure 4.5 the angle � will go from � = �=2 rad to � = 0 rad. From C
to E the angle � goes from � = 0 rad to � = �=2 rad. In con�gurations A and B we have 
 = 0 rad, in C
the angle 
 is unde�ned, while in con�gurations D and E we have 
 = � rad.

Elements ds and ds0 attract one another with maximal intensity in con�guration A of �gure 4.5, with
� = � = �=2 rad and 
 = 0 rad. They repel one another with maximal intensity in con�guration E, with
� = � = �=2 rad and 
 = � rad. It would be natural to expect attraction in con�guration B, although with a
smaller intensity than the attraction of con�guration A. In B we have � = �=2 rad, 0 rad < � < �=2 rad and

 = 0 rad. In con�guration C there should be no attraction nor repulsion. In this case we have � = �=2 rad,
� = 0 rad and 
 does not exist or is unde�ned. In con�guration D a repulsion should take place, although
with a smaller intensity than the repulsion of con�guration E. In con�guration D we have � = �=2 rad,
0 rad < � < �=2 rad and 
 = � rad. In con�guration E we have � = � = �=2 rad and 
 = � rad.

As we have seen, Amp�ere utilized an argument of mathematical simplicity in order to conclude that
the force between two current elements should be proportional to cos 
. Utilizing the same argument it
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might then be concluded that the simplest mathematical expression representing the force in this thought
experiment should be proportional to sin�. The same conclusion might be reached by rotating ds0 clockwise
around an axis passing through its center and orthogonal to the plane of the paper, from con�guration A
up to con�guration E.

Supposing now element ds0 �xed in the laboratory, while element ds rotates clockwise or anti-clockwise
around an axis passing through its center and orthogonal to the plane of the paper, we would then conclude
that the force between the two current elements should be also proportional to sin�. By following this
procedure it might then be possible to arrive at equation (4.3) indicating that the force between two current
elements should be proportional to sin� sin� cos 
, as discussed by Blondel, Hofmann and Darrigol.

We were unable to locate any manuscript by Amp�ere in which he presented a reasoning like this one.
However, two facts indicate that this possible route outlined by Blondel, Hofmann and Darrigol is very
reasonable. As will be seen later on in Section 4.2, Amp�ere’s �rst published expression of his force law
between two current elements was represented as follows:6

gh

r2

�
sin� sin� cos 
 +

n

m
cos� cos�

�
: (4.4)

This equation is analogous to equation (2.1). In his paper of 1820 he mentioned that the second term in
equation (4.4) should be much smaller than the �rst term, he even suggested that the second term might
be exactly null. He maintained this idea until 1822, when he �nally concluded that n=m = k = �1=2,
concluding that both terms of equations (2.1) and (4.4) should have the same order of magnitude. This fact
indicates that his initial belief was that the force between two current elements should really be given by an
expression like equation (4.3).

There is also a second fact suggesting the feasibility of the path indicated by Blondel, Hofmann and
Darrigol. There is a Section of a joint work by Amp�ere and his friend Babinet, edited in 1822, containing
a similar reasoning. This section was written by Babinet, who had written the major part of this work in
July 1821.7 Babinet did not present the mathematical reasoning leading to the force between two current
elements being proportional to sin� sin�. He also did not mention that the function cos 
 was responsible
for making the attraction in con�gurations A and B of �gure 4.5 be transformed into the repulsion of
con�gurations D and E of this �gure. In any event, Babinet presented a �gure similar to our �gure 4.5. In
discussing qualitatively his �gure, he mentioned that the attraction between the two current elements should
decrease when the angle between element ds0 with the line connecting it to element ds was smaller or bigger
than �=2 rad. He also mentioned that this attraction should go to zero when the element ds0 was along
the straight line connecting the elements ds and ds0. Moreover, he concluded that the attraction should
be transformed into a repulsion when the currents in both elements were in opposite senses as regards the
straight line connecting their centers.

4.2 Amp�ere’s First Publication with an Expression for the Force
between Two Current Elements

4.2.1 The Addition Law

In chemise 158 quoted in Section 4.1, Amp�ere mentioned that he gave up trying a quantitative veri�cation
of his force law between current elements utilizing the instrument of �gure 3.12. He abandoned this route
due to two \new facts" which complicated the results he expected to achieve. As mentioned in Section 3.7,
he had not obtained the expected orientation of the helix of �gure 3.11 (a) due to the in
uence of terrestrial
magnetism. The �rst time he obtained this terrestrial orientation of a current-carrying wire took place, quite
unexpectedly, with the apparatus of �gure 3.12.

This observed orientation of a current-carrying wire due to the action of the Earth was the �rst \new
fact" mentioned in chemise 158. Amp�ere then understood the reason why he had failed to observe this
orientation with the helix of �gure 3.11 (a). It was due to the fact that he was utilizing helices with very
small cross sections:8

6[Amp�ere, 1820e].
7[Amp�ere and Babinet, 1822a, Sections 14 to 17, pp. 17-21] and [Amp�ere and Babinet, 1822b, Sections 14 to 17, pp. 182-

186].
8[Amp�ere, 1820f, pp. 172-173] and [Chaib and Assis, 2009b, pp. 121-122].
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[...] But as regards the directive force of the Earth, the apparatus [of our �gure 3.11 (a)] was not mobile
enough, and this force acted by a very short lever arm to produce the desired e�ect.

By increasing the arm of the lever,9 or the area of the loop, he was able to obtain in a reproducible way
the orientation of a magnet due to terrestrial magnetism. This time he replaced the magnetic compass by a
current-carrying circular loop with a large radius, of the order of 20 cm, �gure 3.13.

The second \new fact" which he discovered had a crucial importance in all his researches leading to the
�nal expression of his force between current elements. Two bar magnets, aligned along their axes, attract
and repel one another according to the orientation of their poles, as indicated in �gure 3.1. Amp�ere was
able to reproduce this phenomenon electrodynamically by utilizing two planar spirals placed in front of one
another in parallel vertical planes, as in �gures 3.8 and 3.9. There is another situation in which two bar
magnets are easily seen to attract and repel one another, namely, when they are placed side by side. If the
poles of the same kind point towards the same side, the bars repel one another, as in �gure 4.6 in which
both North poles are at the right extremities. If the poles of the same kind point to opposite sides, the bars
will attract one another.

Figure 4.6: Two bar magnets repelling one another.

Amp�ere tried to replicate this situation electrodynamically. To this end he coiled two helices with a metal
wire. He then put these two helices side by side in an instrument like that of �gure 3.10 (a). We were unable
to locate any �gure or drawing in which Amp�ere described this instrument. In any event, by his descriptions
we can represent it, following Blondel, by �gure 4.7.10

Figure 4.7: Interaction between two helices.

Helices AB and CD are located in the same horizontal plane. Helix AB is �xed in the laboratory, while
the circuit ECDF containing the helix CD can turn around the horizontal axis EF placed vertically above
the helix CD, in such a way that CD can move towards AB or away from it. With this con�guration of
the instrument and with the currents 
owing along the directions indicated in �gure 4.7, Amp�ere expected
to reproduce electrodynamically the repulsion between two bar magnets as indicated in �gure 4.6. However,
by performing the experiment in October 1820, he observed the helix CD being attracted by the helix AB,
instead of being repelled by it!

This was the second \new fact" mentioned previously in Section 4.1. Amp�ere was totally surprised, as
the result of this experiment was totally against his expectations.

The helix of �gure 3.11 (a) did behave in his experiments like an ordinary bar magnet. On the other hand,
the helices AB and CD of �gure 4.7 did not behave like ordinary bar magnets. Amp�ere tried to �gure out

9For a detailed discussion of the law of the lever and about the center of gravity of bodies, see [Assis, 2008], [Assis, 2010a]
and [Assis, 2011a].

10[Blondel, 1982, p. 87].
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the reason for their di�erent behavior. He concluded that this anomaly was related to the di�erent way in
which these helices were coiled. The helix of �gure 3.11 (a) and (b) was axially compensated. There was no
such axial compensation in the helices AB and CD of �gure 4.7. Initially Amp�ere had erroneously neglected
the longitudinal contributions of these helices AB and CD. In his initial helices, like the helix of �gure 3.11
(a) and (b), the current 
owed not only in the helix coiled around the glass tube (for instance, from left to
right), but also returned along the axis of the tube (for instance, from right to left). The longitudinal action
of the current 
owing in the helix around the glass tube was compensated by the return current 
owing
through the axis of the tube. There was no such longitudinal compensation in the helix AB and CD of
�gure 4.7. His �rst helices had been coiled totally by chance like those of �gure 3.11 (a) and (b), only to
facilitate their rotation around the vertical axis, without knowing about the longitudinal compensation of
their currents.

We can understand his initial expectation related to the helices of �gure 4.7 by considering �gure 4.8 (a).

=
(a)

i
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i
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Figure 4.8: (a) Amp�ere expected initially that each one of these helices were equivalent to a cylinder in which the
currents were 
owing only along the azimuthal direction ’. (b) Cross sections of two side by side cylinders carrying
azimuthal currents. The currents which are closer to one another 
ow in opposite senses. According to Amp�ere’s
expectations, these two helices should repel one another.

The currents 
ow in the same sense in two parallel helices. Looking at the helices along their axes, there
are two clockwise or anti-clockwise currents, as in �gure 4.8 (b). Parallel wires carrying currents in the same
sense attract one another, while they will repel one another if the currents were 
owing in opposite senses.
As these forces decrease their intensities by increasing the distance between the wires, Amp�ere expected a
repulsion between the helices of �gure 4.8.

After observing that these helices unexpectedly attracted one another, he concluded that he could no
longer neglect the longitudinal component of the current which was 
owing in each helix. Each helix of �gure
4.7 should in reality be considered as the sum of a rectilinear current 
owing through the axis of the helix,
together with a purely circular current like the azimuthal current 
owing over the surface of a cylinder, as
represented in �gure 4.9.

Figure 4.9: A helix which is not axially compensated is equivalent to a rectilinear current along the axis of the
helix, together with a purely azimuthal current 
owing circularly over the surface of a cylindrical shell along the ’
direction.

The interaction of the helices AB and CD of �gure 4.7 should be then considered as a fourfold interaction,
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namely: (I) The rectilinear component of AB interacting with the rectilinear component of CD; (II) the
rectilinear component of AB interacting with the azimuthal current of CD; (III) the azimuthal current of
AB interacting with the rectilinear current of CD; and (IV) the azimuthal current of AB interacting with the
azimuthal current of CD. Straight wires carrying currents in the same sense attract one another. Likewise,
two circular coils in the same plane carrying anti-clockwise currents like those of �gure 4.8 (b) repel one
another. A repulsion will also take place between two parallel �nite cylinders carrying anti-clockwise currents
over their surfaces. The magnitude of each one of these fourfold interactions will depend on the distance
between the rectilinear components, on the radii of the cylinders and on the distance between their centers.
In Amp�ere’s speci�c experiment described in �gure 4.7, the attraction between the longitudinal components
of the currents 
owing in his helices was greater than the repulsion between the azimuthal components of
the currents 
owing over the surfaces of the cylindrical shells. The net attraction between his two helices
was due to their small radii. This attraction was totally against his initial expectations.

He expressed his ideas at this time as follows, our emphasis:11

When the conducting wire which forms the helix is made to return along this axis, by enclosing it inside
a glass tube placed inside this helix in order to insulate it from the coils composing it, the current of
this rectilinear portion of the conducting wire would be in contrary sense to the current which would
correspond to the portion of the helix’s action taking place parallel to its axis, it will repel what this
[equivalent rectilinear portion of the helix’s current] would attract, and it will attract what it would repel.
Therefore, this last action would be destroyed by the action of the rectilinear portion of the conductor,
and from the joint actions of this rectilinear portion of the conductor with the helix, there would remain
only the action of the transverse circular currents, [an action] perfectly similar to the action of a magnet.
This assembly did take place in the instrument represented in �gure 3 [our �gure 3.11 (a)], although I
had not planned its advantages, and for this reason this instrument presented exactly the e�ects of a
magnet, while the helices for which the rectilinear portion of conductor did not return inside the axis
presented, on the contrary, the e�ects of a rectilinear conductor equal to the axis of these helices. As
the radius of the cylindrical surfaces over which the helix was located were very small in the helices
which I utilized, it was the very e�ects along the longitudinal sense which were more relevant, and this
phenomenon astonished me before I could discover its cause.

Therefore, in order to cancel the longitudinal action exerted by the helices of �gure 4.7, it is necessary to
compensate axially these helices, with the current returning along the axis of the helices after being coiled
around the cylindrical surface, as was the case with the axially compensated helix of �gure 3.11 (a) and (b).
Figure 4.10 indicates the equivalence between the helix of �gure 3.11 and a cylinder with the current 
owing
only azimuthally around its surface, without axial component.

Figure 4.10: An axially compensated helix is equivalent to a purely circular or azimuthal current 
owing over the
surface of a cylinder, without a longitudinal or axial component.

The discovery of this new fact led Amp�ere to a very important law or principle which has received several
names: \Law of sinuous currents",12 \law of geometric addition of the current elements",13 \principle of the
vector addition of the current elements",14 and \addition law".15 In this book we will call this new discovery
the addition law. This law states that the force exerted by a current element ids on another current element
i0ds0 is equal to the sum of the forces exerted on the element of length ds0 by the element of length ds
decomposed in two or three directions, provided there is the same current intensity i 
owing in each one of

11[Amp�ere, 1820f, pp. 175-176] and [Chaib and Assis, 2009b, p. 123].
12[Joubert, 1885, p. 134, n. 1].
13[Blondel, 1982, p. 86].
14[Blondel, 1982, p. 88].
15[Blondel, 1982, pp. 88-96] and [Hofmann, 1996, pp. 246-250].
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these components. Amp�ere referred to this fact as a \law" or \principle". He presented it to the Academy
of Sciences of Paris on 6 November 1820:16

This law consists in the following, if one considers an in�nitely [small] portion of electric current, and
if one considers in the same point in space other in�nitely small portions of electric currents which are,
relative to the �rst portion, in intensity and in direction, the same as are the components of a force
in magnitude and in direction relative to this force, then the combination of these portions of electric
currents, corresponding to the component forces, will exert, in every case, precisely the same action
corresponding to the resultant of these portions.

The addition law was also presented as follows:17

Afterwards I required an instrument to be built similar to that of �gure 1,18 in which the �xed conductor
and the mobile conductor were replaced by brass helices surrounding glass tubes, but whose prolongations,
instead of returning inside these tubes, were placed in communication with the two extremities of the
battery, as the straight conductors of �gure 1.19 It was by utilizing this instrument that I discovered a
new fact which initially did not seem to agree with the other phenomena which I had until then observed
in the mutual action between two electric currents, or between a current and a magnet. Later on I
recognized that this new fact did not contradict the set of these phenomena. But in order to explain it,
it is necessary to admit as a general law of the mutual action between electric currents, a principle which
I veri�ed up to now only as regards the currents of metal wires bent into helix, but which I believe to be
generally valid, as regards in�nitely small portions of electric current, which one conceives as composing
every current of �nite length, whether [the electric current] follows a straight line or a curve.

In order to have a clear idea of this law, it is necessary to conceive in space a line representing in
magnitude and in direction the resultant of two forces, which are similarly represented by two other lines,
and suppose, in the directions of these three lines, three in�nitely small portions of electric currents, the
intensities of which are proportional to their lengths. The law at issue consists in the fact that the small
portion of electric current, directed along the resultant, exerts, in any direction, upon another current or
upon a magnet, an attractive or repulsive action equal to what would result, in the same direction, from
the combination of the two portions of current directed along the components.

At this time Amp�ere was still unclear, stating that the current intensities were proportional to their
lengths. Laumont and Amp�ere himself later on replaced this statement by saying that the attractive and
repulsive forces were proportional to the lengths of the elements, as we discussed in Section 2.6. Leaving
aside this aspect of the paper, Amp�ere’s presentation of the addition law in this work is reasonably clear.
We can understand what he had in mind by saying that each current element should be decomposed in two
other lines, by observing a �gure he presented in 1823 in the Recueil,20 our �gure 4.11. At the upper right
corner of the original �gure there appeared by a typographical error the letter F , while the correct letter
should be D. We included this letter D in our �gure. In this �gure the plane ABDC is orthogonal to the
plane ABFE.

In �gure 4.12 we present the angles � = �=2 rad, � = �=2 rad and 
 superimposed to �gure 4.11. In
order to illustrate the angle 
 in �gure 4.12 (b), we joined the centers of the two current elements and placed
these elements in the plane of the paper. The con�guration of �gures 4.11 and 4.12 is analogous to that of
�gure 4.4.

In �gures 4.11 and 4.12, the points A and B represent the centers of the two current elements. Amp�ere
illustrated only half of each element. The segments AG and BH are orthogonal to the straight line segment
AB connecting the centers of both elements. Initially Amp�ere considered two planes, ACDB and AEFB,
orthogonal to one another. He decomposed the segment AG into two portions, AM and MG. Likewise, the
segment BH was decomposed into two portions, BP and PH. Amp�ere had a �gure like this in his head
when he mentioned that \it is necessary to conceive in space a line [AG] representing in magnitude and in
direction the resultant of two forces, which are similarly represented by two other lines [AM and MG]". He
utilized the addition law in order to replace the interaction between AG and BH by the sum of four other
interactions, namely, between AM and BP , between AM and PH, between MG and BP , together with the
interaction between MG and PH.

The con�guration shown in �gures 4.11 and 4.12 represents only the particular case in which � = � =
�=2 rad. Amp�ere considered also the general case of �gure 4.13.21

16[Amp�ere, 1820e].
17[Amp�ere, 1820f, pp. 173-174] and [Chaib and Assis, 2009b, p. 122].
18[N. T.] See our �gure 3.10 (a).
19[N. T.] Amp�ere’s helices arranged in an instrument similar to that of his �gure 1 may be represented by our �gure 4.7.
20[Amp�ere, 1822p, �gure 21] and [Amp�ere, 1885m, p. 263, �gure 7].
21[Amp�ere, 1822p, �gure 22] and [Amp�ere, 1885m, p. 265, �gure 8].
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Figure 4.11: Amp�ere’s �gure with which it is possible to illustrate the addition law in the particular case of the
interaction between the current elements AG and BH which are orthogonal to the straight line AB connecting their
midpoints. The plane BACF (D) is orthogonal to the plane BAEF .
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Figure 4.12: Here we included the angles �, � and 
 in the con�guration of �gure 4.11. (a) We have GAB = � =
�=2 rad and HBX = � = �=2 rad. The point X is along the continuation of the straight line AB. (b) Superposition
of AG and BH, with point A coinciding with point B, indicating the angle GAH = 
 with AG and BH in the plane
of the paper.

Figure 4.13: Amp�ere’s �gure illustrating the addition law in the general case. The planes ABDC and AQF E make
an angle 
 between them.

In �gure 4.14 we present the angles �, � and 
 superimposed on �gure 4.13, following Amp�ere’s speci�-
cations.

Figures 4.13 and 4.14 present the general case in which the elements AG and BH are no longer per-
pendicular to the straight line AB connecting the centers of the two current elements. In this case Amp�ere
considered two planes ACDB and AEFQ, each one formed by the direction of one current element with
the straight line connecting the centers of both elements. These two planes make an angle 
 with one an-
other. Amp�ere decomposed AG into two portions, AM and MG. The segment BH, on the other hand, was
decomposed into BP and PH. He utilized once more the addition law in order to replace the interaction
between AG and BH by the sum of four interactions between the decompositions of each one of these current
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Figure 4.14: Angles �, � and 
 superimposed on �gure 4.13, with GAB = �, HBQ = � and DBP = 
.

elements.

4.2.2 Theorem of the Nonexistence of Interaction between Orthogonal Current
Elements

In order to arrive at his �rst published version of the interaction between two current elements, Amp�ere
utilized also a new principle or theorem, namely, he supposed there were no attractions or repulsions between
two current elements which were orthogonal to one another.22 In particular, Amp�ere considered that there
were no interactions between the current elements of lengths ds and ds0 when they were orientated as in
�gure 4.15 (a), (b) and (c). In this �gure ds0 is orthogonal to the straight line connecting the centers of
the two elements, such that � = �=2 rad. Moreover, the midpoint of ds0 is located in the plane formed
by ds with the straight line connecting the centers of the two elements. The plane in which ds is located
has been considered to be the plane of the paper in this drawing. In �gure 4.15 (a), we have � = �=2 rad,

 = �=2 rad, the segment ds is orthogonal to ds0, with ds being also orthogonal to the straight line connecting
the midpoint of both current elements. In �gure 4.15 (b) we have � = � rad, the angle 
 is unde�ned or
does not exist, while ds is directed along the straight line connecting the centers of both elements. In �gure
4.15 (c), on the other hand, we have 0 rad < � < � rad and 
 = �=2 rad.

ds!
ds

ds!
ds

ds!ds

(a) (b) (c)

a

Figure 4.15: Amp�ere considered that the electrodynamic force between the current elements of lengths ds and ds0

vanishes in these three con�gurations. The element ds0 is orthogonal to the plane of the paper, with its center in this
plane. The element ds, on the other hand, is located in the plane of the paper.

In chemise 162 and in the published summary of his presentation to the Academy of Sciences of Paris
which took place on 4 December 1820, he expressed himself as follows:23

Beyond the previously announced law [that is, beyond the addition law], M. Amp�ere admits as a necessary
result of all the circumstances which present the e�ects of the action [between two current elements of
lengths ds and ds0] that one wishes to express analytically, that [this action] vanishes in all cases in which
one of the two small portions of electric current [as ds of our �gure 4.15] is located in the plane passing
through the center of the other perpendicularly to its direction [that is, when the plane in which ds is
located passes through the center of ds0 and cuts it at a right angle]. For the rest, this [lack of action]
will no longer take place, as results from the obtained expression itself, if the length of this last portion
of electric current is no longer in�nitely small.

In this �rst work Amp�ere did not justify this theorem of the nonexistence of interaction between orthog-
onal current elements. However, in Subsection 4.2.4, we will see how he justi�ed it in another work.

22[Amp�ere, 1820e], [Amp�ere, b, carton 8, chemise 162], [Blondel, 1982, pp. 92-94] and [Hofmann, 1996, p. 251].
23[Amp�ere, b, carton 8, chemise 162] and [Amp�ere, 1820e, pp. 226-227].
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In this work of 1820 Amp�ere said that this supposition was a \necessary result".24 In the Th�eorie he said
that this supposition was a \theorem".25 In this book it will be referred as the \theorem of the nonexistence
of interaction between orthogonal current elements".

4.2.3 The Article of December 1820

In this Subsection we present how Amp�ere �rst presented the law of interaction between two current elements
utilizing the addition law and the theorem of the nonexistence of interaction between orthogonal current
elements.26 The magnitudes g and h were called the \intensities" of the two electric currents. It was not yet
clear if he was referring to what later would be represented as the current intensities i and i0, or the lengths
ds and ds0 of the two elements, or their products ids and i0ds0. Initially we consider the con�guration in
which the two current elements are orthogonal to the straight line connecting them, as in �gures 4.11 and
4.12. The angle dGAE was called � by Amp�ere, while the angle dHBF was called �. Utilizing the addition law,
Amp�ere represented the two components of AG, namely, AM and MG, as g sin � and g cos �. Likewise, the
two components of BH, namely, BP and PH, were represented as h sin � and h cos �. He moved MG to AN ,
while PH was moved to BQ, so that all components of the elements had the same center. He justi�ed this
decision due to the small values of these displacements compared with the distance between the elements.
In this way he needed to consider four interactions between the components. There were two interactions
between orthogonal elements, namely, between AM and BQ, and also between AN and BP . Utilizing the
theorem of the nonexistence of interaction between orthogonal elements discussed in Subsection 4.2.2, he
concluded that these two interactions vanished, �gure 4.15 (a). There were also two interactions between
parallel elements, namely, between AM and BP , and also between AN and BQ. The sum of these two last
interactions was represented as follows:

gh (cos � cos � + sin � sin �)

r2
=
gh cos(� � �)

r2
=
gh cos 


r2
: (4.5)

In this equation 
 = � � � represents the angle between the planes formed by each element with the straight
line connecting them.

This result is extremely interesting. In Section 4.1 we saw that Amp�ere had concluded that the force
between two elements should be proportional to cos 
 by analyzing the experiment of �gure 3.12 between
rectilinear conductors of �nite length and utilizing, moreover, a principle of mathematical simplicity which
was extremely subjective. He was now obtaining the same result by considering directly the addition law for
current elements, together with a very speci�c principle, namely, the non interaction between two elements
which were orthogonal to one another and which were also orthogonal to the line connecting them. Figure 4.2
represents qualitatively the force observed in the experiment of �gure 3.12. This experimental observation
was compatible with any odd power of the function cos 
, being also compatible with any sum of these odd
powers. However, by utilizing his addition law, Amp�ere was now obtaining only the �rst power of cos 
.
Therefore, he no longer needed to utilize the principle of mathematical simplicity in order to eliminate higher
powers of cos 
 in his force law. It was now only necessary to utilize the addition law. He arrived at the
addition law by considering the di�erent behaviors shown by his two kinds of helices, namely, the axially
compensated helix of �gure 3.11 (a), and the helix of �gure 4.7 which had no such axial compensation.
Amp�ere emphasized this fact in his paper:27

In the �rst case, the value of the action sought is attractive when 
 < �=2; it vanishes with the cosine
of 
 when 
 = �=2, as it should, according to what was stated before; and it changes to a repulsion
when 
 > �=2, as cos 
 is negative, in agreement with the experiment. At last, when 
 = �, the exerted
action is expressed by �gh=r2, that is, a repulsion with the same magnitude as the attraction which
takes place when 
 = 0. Every odd power of cos 
, if it were utilized instead of cos 
, would also lead to
these last results, but would not be in agreement with the [addition] law presented in the memoir read
to the Acad�emie des Sciences in the meeting of 6 November [1820], while the previous formula [which
depends only on the �rst power of cos 
], is a necessary consequence of this law.

In the next step Amp�ere considered the general case represented by �gures 4.13 and 4.14. The angle
GAN was called �, the angle HBQ was called �, while the angle between the planes ACDB and AEFQ

24[Amp�ere, 1820e, pp. 226-228].
25[Amp�ere, 1826f, p. 30], [Amp�ere, 1823c, Amp�ere, 1990, p. 202] and [Amp�ere, 1965b, p. 174].
26[Amp�ere, b, carton 8, chemise 162] and [Amp�ere, 1820e].
27[Amp�ere, b, carton 8, chemise 162] and [Amp�ere, 1820e].
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was called 
. In this general case he replaced each current element by two components, one component along
the straight line connecting the midpoints of both elements, and the other component orthogonal to this
straight line. Therefore the element AG was decomposed into AM = AG sin� and MG = AG cos�. The
component MG was displaced to AN . The element BH was likewise decomposed into BP = BH sin� and
PH = BH cos�. The component PH was displaced to BQ. The current intensities were represented by g
and h. Therefore, these four components were expressed by Amp�ere as g sin�, g cos�, h sin� and h cos�,
respectively. By the theorem of the nonexistence of interaction between orthogonal elements presented in
Subsection 4.2.2, �gure 4.15 (b), Amp�ere concluded that there was no interaction between AN and BP .
Likewise, there was no interaction between AM and BQ. The interaction between AM and BP had already
been considered by Amp�ere. Let 
 be the angle between the planes ACDB and AEFQ. The interaction
between AM and BP can then be written as:

(g sin�)(h sin�) cos 


r2
=
gh sin� sin� cos 


r2
: (4.6)

The interaction between the collinear elements AN and BQ should still be taken into account. Amp�ere
said that the action between these collinear elements might be expressed as:28

a part represented by the n=m fraction of the part which the same small portions of current would exert
in the most favorable situation for their mutual action, that is, when they are parallel to one another
and perpendicular to the line connecting their centers.

Therefore, the interaction between the collinear components AN and BQ could be written as:

n

m

(g cos�)(h cos�)

r2
: (4.7)

The total force between elements AG and BH was then written as:

gh

r2

�
sin� sin� cos 
 +

n

m
cos� cos�

�
: (4.8)

Initially Amp�ere supposed that there should be no action between two collinear elements, without ex-
plaining the reasons for this belief:29

I will also suppose that the attractive or repulsive action between two current portions in�nitely small
vanishes in another circumstance, namely, when they are along the same straight line.

This con�guration is represented, for instance, by the current elements A and B of �gure 2.5. Amp�ere
did not present any justi�cation for this conclusion. In any event, he kept his belief that the value of n=m
of equation (4.8) should be exactly zero, or that k = 0 in equations (2.1) and (2.2), up to the middle of the
year 1822, when he �rst concluded that n=m = k = �1=2, as will be fully discussed in Section 7.5.

Amp�ere had also assumed the lack of interaction when the elements were orthogonal to one another and
also orthogonal to the straight line connecting them, as discussed in Subsection 4.2.2. In Subsection 4.2.4 we
will see that he justi�ed this lack of interaction between orthogonal elements by the principle of symmetry.

When he published this law, he did not explicitly write n=m = 0, leaving the value of n=m unde�ned as
in equation (4.8).30 He said that this was the most general law compatible with the addition law. However,
he also expressed his beliefs as regards the magnitude of this component of his force law:31

If one wants to assume that n = m, then it will be found that the factor gh=r2 will be equal to the cosine
of the angle formed by the directions of the two small portions of current, in such a way that the action
would be null even for two currents of �nite length when their directions formed a right angle, a result
against the experiment; which shows evidently that n is much smaller than m, and it seems unlikely
that n is not absolutely null. [...] However, M. Amp�ere thinks that, without inconvenience, this formula
might be reduced to

gh sin � sin � cos 


r2
:

He had presented this formula with this format to several scholars before reading his memoir to the
Acad�emie.

28[Amp�ere, b, carton 8, chemise 162] and [Amp�ere, 1820e].
29[Amp�ere, b, carton 8, chemise 162].
30[Amp�ere, 1820e, p. 229].
31[Amp�ere, b, carton 8, chemise 162] and [Amp�ere, 1820e, p. 229].
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From this statement we can see that he �rmly believed at this time that n=m = 0, or at least n=m � 1,
which implied a lack of interaction between collinear elements. What made him hesitate in stating clearly
that n=m = 0 was an experiment performed by Gay-Lussac (1778-1850) and Th�enard (1777-1857). They had
a powerful battery with a wire connected to the positive wire and another wire connected to the negative
terminal. By bringing the free extremities of these two wires together, an electric spark was produced,
allowing a current to 
ow in this closed circuit. They observed that, at the moment of this spark, just before
the contact between the extremities of both wires, there was a strong attraction between them. Apparently
Gay-Lussac and Th�enard never published the result of this experiment, although it was quoted many times
by Amp�ere.32 For two collinear elements with currents 
owing in the same sense, we have � = � = 0 rad
(or � = � = � rad), while the angle 
 is not de�ned. If the attraction observed by Gay-Lussac and Th�enard
were due to a direct interaction between current elements, not being due to other causes (like an electrostatic
attraction between the opposite charges located at the extremities of the wires, for instance), then equation
(4.8) would indicate that n=m > 0. Amp�ere found an alternative explanation for this experiment, attributing
the observed attraction to the vacuum created between the free extremities of the wires due to the current

ow.33 In chemise 189, Amp�ere stated:34

As I had not [yet] found this explanation [based on the vacuum e�ect] for Gay-Lussac and Th�enard’s
experment, I postponed for 15 days the publication of my �rst paper in which I utilized only the term
sin � sin � cos 
, and stated hesitantly that the other term [for the action between current elements] were
null at the 4th December meeting of the Acad�emie.

Amp�ere published his re
ections about this experiment in the summary of his presentation to the
Academy of Sciences of Paris which took place on 4 December 1820. He asked himself if there was any
action between collinear elements, answering as follows:35

M. Amp�ere does not believe [in this possible action between two collinear elements], due to a series of
phenomena, especially after he realized that an observation by MM. Gay-Lussac and Th�enard, which
seemed to indicate an action of this kind between the extremities of two conducting wires of the great
battery of the �Ecole Polytechnique, when the current seems to have been established before there was a
real contact between them, can be explained by the atmospheric pressure, due to a vacuum formed by
the current from one [extremity of the wire] to the other [extremity of the other wire], [...]

In conclusion, Amp�ere presented publicly his force in the form of equation (4.8). But he also simultane-
ously expressed his points of view according to which the second term of this equation should be exactly null,
or at least should have a much smaller magnitude than the �rst term. Therefore, at this time he believed
the force law between two current elements should take the form of equation (4.6). He began to work with
this last equation from then onwards, integrating it in order to explain known experiments and in order to
make new predictions. He utilized this simpli�ed formula in a series of memoirs read to the Academy of
Sciences of Paris on 11 and 26 December 1820, as well as in 8 and 15 January 1821.36 Although he did not
publish the contents of these memoirs, the manuscripts of what he read are still extant in the archives of the
Academy of Sciences of Paris.

4.2.4 The Principle of Symmetry

We now discuss how Amp�ere justi�ed the lack of interaction between the elements in the con�gurations of
�gures 4.15 (a), (b) and (c) of Subsection 4.2.2. He utilized a powerful principle of symmetry, expressed as
follows in the Recueil of 1823:37

The �rst general fact which I deduced from my experiments on the mutual action between two voltaic
conductors was that, if two portions of voltaic conductors [each one of them having an arbitrary orien-
tation in space] act on one another, and if the sense of the electric current in one of them be reversed,
without making any changes in their respective orientations, the action which existed between them, if
attractive, was transformed into an equal repulsive action and, if the action was repulsive, [was trans-
formed] into an attraction of equal intensity. I applied this result, con�rmed by all experiments which I

32[Amp�ere, b, carton 8, chemise 162], [Amp�ere, b, carton 10, chemise 189] and [Amp�ere, 1820e].
33[Blondel, 1982, p. 94], [Hofmann, 1982, pp. 294-295, 300 and 361] and [Hofmann, 1996, pp. 237, 261-263 and 303].
34[Amp�ere, b, carton 10, chemise 189].
35[Amp�ere, 1820e, p. 229].
36[Amp�ere, 1821b].
37[Amp�ere, 1822p, pp. 208-211] and [Amp�ere, 1885m, pp. 245-247].
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had made with electric currents of �nite length, to two in�nitely small portions of these currents, which I
could not submit immediately to the experiment. From this application I obtained this conclusion, that
the mutual action between two in�nitely small portions of conducting wires vanishes necessarily whenever
there is not, in their respective orientations, any circumstance which might distinguish from one another
the two senses according to which the electric current might 
ow in one of these two small portions;
because in this case, by reversing the sense of this current, the action, if it existed, should remain the
same; attractive if it was attractive, and repulsive if it was repulsive, while, on the contrary, according
to the general fact aforementioned, the attraction is transformed into a repulsion, and the repulsion [is
transformed] into attraction. Therefore, only when the respective orientations of two small portions of
conducting wires present circumstances allowing the distinction, in each one of these portions, between
the two senses according to which the electric current may 
ow in them alternatively, will it be possible
that an attractive or repulsive action between them be exerted according to the sense, determined by
the circumstances, which is given to the electric current.

Considering then two small portions of electric current, with one portion in one plane and the other
portion directed perpendicularly to this plane, it was easy for me to realize in the �rst place that, when
this last portion is above or below the plane, the two senses according to which it can be traversed by
the electric current are distinct from one another by this circumstance, namely, that in one case this
current is moving towards the plane, and in the other case is moving away from it. Consequently, there
is nothing against the existence of an action, be it attractive or repulsive, between the two small portions
which are being considered, provided the sense of the current which is located on the plane can also be
determined by circumstances which depend on the respective con�guration of these two small portions,
as I will soon consider. In the second place [it was easy for me to realize] that if, on the contrary, the
center of the in�nitely small portion perpendicular to the plane were located on this plane, everything
being equal on both sides of this plane, there is no longer any di�erence between the two senses according
to which the electric current can traverse this portion which might depend of its situation as regards
the other [portion] which is on the plane, and the two portions of conducting wires can no longer exert
any action on one another; a result which can be enunciated generally as follows: The attractive or
repulsive action between two in�nitely small portions of electric currents vanishes necessarily when their
relative con�guration in space is such that, by passing through the center of one of these portions a plane
perpendicular to its direction, the straight line representing the direction of the other portion is totally
in this plane.

In this quotation Amp�ere utilized the expression \sense or direction of the electric current" with the
fourth meaning described in Section 2.4. With this principle of symmetry he concluded that there is no force
between the two current elements of lengths ds and ds0 shown in �gure 4.15 not only in cases (a) and (b),
but also in case (c).

This principle of symmetry, together with the addition law, justi�es the deduction presented in Subsection
4.2.3 of the interaction between two current elements in the format of equation (4.8).

4.3 Cases of Equilibrium

4.3.1 Methods to Obtain the Force between In�nitesimal Elements

One of Amp�ere’s main contributions to experimental science was his creation of what he called \cases of
equilibrium" and all the theoretical consequences he obtained from these experiments.38 These cases of
equilibrium were also called \null method"39 and \null experiments".40 The instruments which he utilized
in these experiments have been called \equilibrium apparatus".41

Amp�ere’s goal was to determine the force between two current elements. In 1822 he mentioned the
existence of two methods in order to arrive at a mathematical expression of this force.42 The �rst method
is based on a direct measurement of the force and torque exerted between current-carrying conductors of
�nite length, as measured at di�erent distances and with di�erent orientations of the circuits. After these
experiments, an initial hypothesis or guess is made specifying how the force should be between current
elements. This in�nitesimal interaction is then integrated along both �nite circuits in order to see if it
agrees with the values obtained experimentally for the force and torque between �nite conductors. If there
is an agreement, �ne. When there is disagreement, the initial hypothesis should be modi�ed until there is

38[Amp�ere, 1826f, pp. 13-27], [Amp�ere, 1823c, Amp�ere, 1990, pp. 185-199] and [Amp�ere, 1965b, pp. 160-173].
39[Maxwell, 1954, vol. 2, article 503, p. 159], [Blondel, 1982, pp. 101 and 127], [Darrigol, 2000, p. 11] and [Blondel, 2004].
40[Tricker, 1965, index on p. 217].
41[Hofmann, 1996, pp. 252-261 and 293-302].
42[Amp�ere, 1822o].
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agreement between the integrated calculation and the experimental data. This is one of the usual procedures
utilized in order to obtain an expression for the force in di�erent physical conditions and in di�erent branches
of physics (electrostatics, magnetism, etc.). It was utilized, for instance, by Biot in his electromagnetic
researches.

He then presented the second method which might be utilized in order to obtain the in�nitesimal force
between two current elements:43

However, there is another way of obtaining the same goal more directly. It was the procedure I have
utilized since then and which conducted me to the desired results. It consists in observing, experimentally,
that the mobile portions of conductors remain, in certain cases, exactly in equilibrium between equal
forces, or between equal torques, whatever, moreover, the shape of the mobile part, and looking for,
directly, with the help of the calculus, what should be the value of the mutual action between two
in�nitely small portions [of current-carrying conductors], in order to obtain an equilibrium which is
e�ectively independent of the shape of the mobile part.

In the �rst method there is a direct measurement of forces on a mobile circuit at di�erent distances to
other circuits, or a direct measurement of torques on a mobile circuit at several orientations relative to other
circuits. In the second method, on the other hand, forces and torques are not measured. Instead of these
measurements, the mobile circuit is placed between two or more circuits which are �xed in the laboratory,
exerting forces or torques on the mobile circuit. Appropriate symmetrical conditions are then found in
which the mobile circuit remains in equilibrium, at rest relative to the laboratory, due to the opposite
actions exerted by the �xed circuits. Although the mobile circuit is free to move relative to the laboratory,
it remains in equilibrium due to opposite forces and opposite torques acting on it. Once more an initial
hypothesis suggesting a speci�c formula for the force between two current elements is necessary. This force
is then integrated along the �xed and mobile conductors. One then tries to �nd if the integrated expression
yields zero net force and zero net torque acting on the mobile conductor under the speci�c con�gurations in
which it was observed to remain stationary.

This method can only work if the central conductor is observed to move when it is under a small
electrodynamic force di�erent from zero. That is, the lack of motion in the equilibrium con�guration should
not be due to friction. The mobility of the circuit can be guaranteed observing its motion or rotation when
under the action of only one �xed circuit acting upon it, in which case there is no equilibrium con�guration.
Another way in which the mobility of the test circuit can be guaranteed is to observe its motion or rotation
when there is no longer a symmetrical con�guration (for instance, by deforming one of the �xed circuits, or
by moving one of the �xed circuits away from its symmetrical con�guration).

Amp�ere utilized two of these cases of equilibrium in order to present a more general justi�cation for the
addition law, for his supposition about the nonexistence of interaction between orthogonal elements and for
his principle of symmetry which had been discussed in Subsections 4.2.1, 4.2.2 and 4.2.4, respectively. With
other cases of equilibrium he obtained �nally the value k = �1=2 in his force law, equations (2.1) and (2.2).
He utilized in three of his most famous cases of equilibrium a special kind of rectangular current loop which
was indi�erent for terrestrial magnetism. This so-called astatic coil did not respond to the actions of the
Earth and was not orientated by terrestrial magnetism. This coil is presented in the next Subsection.

4.3.2 Astatic Coils

The astatic coils are mobile current-carrying loops which are immune to terrestrial magnetism. Amp�ere �rst
described them in 1820.44 As discussed in Section 3.7, it was with the simpli�ed version of the instrument
of �gure 3.12 that Amp�ere �rst observed unexpectedly the Earth a�ecting a current-carrying conductor.
He then asked to be made a vertical circular current loop of 20 cm diameter which might rotate freely
around a vertical axis passing through its center, �gure 3.13. This circular loop was orientated by terrestrial
magnetism. In particular, he observed that, after being released in an arbitrary orientation relative to the
ground:45

[...] the plane of the conductor rotates and remains at rest in a vertical plane perpendicular to the magnetic
meridian, in such a way that the electric current, in the lower portion of the conductor, is directed from
East to West, or from the right to the left of an observer looking at the magnetic North.

43[Amp�ere, 1822o, p. 400].
44[Amp�ere, 1820f], [Amp�ere, 1965a, pp. 146-154] and [Chaib and Assis, 2009b].
45[Amp�ere, 1821c, p. 91], emphasis by Amp�ere.
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He then predicted that he might join two of these coils side by side, with the same size and area, one coil
with a current 
owing clockwise and the other coil with a current of the same intensity 
owing anti-clockwise,
in such a way that the whole system would not rotate due to terrestrial magnetism, although it was free to
rotate around a common vertical axis passing through their centers. He con�rmed this prediction utilizing
the rectangular coil shown in �gure 4.16 (a).46

Figure 4.16: (a) Astatic coil indi�erent for terrestrial magnetism. This vertical coil can rotate around the vertical
symmetry axis passing through x and y. (b) Our representation of the sense of the current along this astatic coil. It

ows clockwise in bcdef and anti-clockwise in b0c0d0e0f 0.

This vertical coil can rotate around the vertical axis xy. The current 
ows, for instance, in the sense
xbcdefb0c0d0e0f 0y, that is, clockwise in bcdef and anti-clockwise in b0c0d0e0f 0. When there was a constant
current 
owing through this coil, Amp�ere observed that it remained motionless, no matter the initial ori-
entation of the vertical plane of the coil relative to the magnetic meridian. His astatic needle discussed in
Section 3.2 was a compass which remained at rest no matter its initial inclination relative to the vertical or
horizontal directions. As the coil of �gure 4.16 was immune to terrestrial magnetism, Amp�ere said that it
became, analogously, astatic.47 That is, the Earth exerts no net magnetic torque on this coil as a whole, no
matter the orientation of its vertical plane relative to the magnetic meridian. In this book we will call them
astatic coils. In the paper in which he �rst presented a mobile astatic coil, he said explicitly that its possible
motion had no in
uence from the Earth:48

Therefore this last mobile conductor [i.e., the astatic coil] turns by the action of the �xed conductor
without the in
uence of the Earth, as there is a compensation between the actions exerted by the Earth
upon the two equal and opposite halves of the mobile conductor.

4.3.3 Case of Equilibrium of the Sinuous Wire

Amp�ere utilized a case of equilibrium in order to justify his addition law with more solid and convincing
experimental basis. Until December 1820 the addition law was based only on the behavior of axially com-
pensated and non-compensated helices. On 26 December 1820, he described to the Academy of Sciences
of Paris an instrument in which a small magnetized needle was suspended horizontally by a vertical thread
passing through its center.49 This vertical thread was at equal distances to two vertical conductors of the

46[Amp�ere, 1820f, �gure 10], [Chaib and Assis, 2009b, �gure 10] and [Amp�ere, 1821c, �gure 9].
47[Amp�ere, 1822w, pp. 89-90].
48[Amp�ere, 1820f, p. 188] and [Chaib and Assis, 2009b, p. 128].
49[Amp�ere, b, carton 8, chemise 164], [Amp�ere, 1821b] and [Hofmann, 1996, pp. 254-256].
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same length. A constant current 
owed upwards in one conductor, while in the other conductor a current of
the same intensity 
owed downwards. In order to prove his addition law, Amp�ere said that the current might

ow downwards along a straight line, or along a wire bent into many small sinuosities, without altering the
zero net torque on the magnetic needle. Instead of two conductors equally distant to the magnetic needle,
he might utilize a single hollow cylindrical support with a current 
owing vertically upwards by the center
of the support and another current of the same intensity 
owing downwards in a crooked path with small
sinuosities around the �rst current. He said that also in this case there would be no net torque acting on the
magnetized needle due to this up and down current.

This was his �rst example of a case of equilibrium. At that moment he did not attach a great importance
to this apparatus. Although this instrument was mentioned in some of his publications, it had not yet been
built on 26 December 1820.50 Another analogous apparatus was built later, although the exact date is not
known. The most famous representation of this instrument is that presented by Amp�ere in his Recueil of
1823,51 our �gure 4.17.

Figure 4.17: Case of equilibrium of the sinuous wire. The �xed sinuous wire is SR, while the �xed vertical wire is
QP . The astatic coil ABCDEF GHIM can turn freely around a vertical axis passing through F I, in such a way
that the mobile vertical portion GH can move towards SR or away from it.

This experiment will be called the case of equilibrium of the sinuous wire. In 1823 Amp�ere was totally

50[Amp�ere, 1820b] and [Amp�ere, 1821b].
51[Amp�ere, 1822w, pp. 89 and 216].
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aware of the importance of these cases of equilibrium. In this instrument the same constant current 
ows
upwards by two vertical conductors �xed in the laboratory, a straight conductor QP and a sinuous or zigzag
conductor SR. These two wires are located at equal distances to the vertical portion GH of an astatic coil
GCDHG. The magnetized needle described in the previous paragraphs was replaced in this apparatus by
an astatic coil analogous to that of �gure 4.16. This astatic coil is indi�erent for terrestrial magnetism.
However, this coil is free to rotate around the vertical axis FI due to the joint in
uences of the vertical
conductors QP and SR. The main portion of this astatic coil is the vertical portion GH, in which the same
current which had 
own upwards in QP and in SR 
ows downwards. This portion GH is then repelled by
SR and by QP . Figure 4.18 (a) presents a schematic representation of this experiment indicating the senses
of the currents.

Figure 4.18: (a) Schematic representation of the direction of the current in the experiment of �gure 4.17. (b) Case
of equilibrium of the sinuous wire seen from above.

Figure 4.18 (b) presents this instrument as seen from above, with the directions of the currents and the
most important letters. The astatic coil GCDHG can turn around the vertical axis passing through point
F . The current 
ows sinuously upwards by conductor S, while 
owing vertically upwards by conductor Q.

Amp�ere observed zero torque acting on the rectangular astatic coil GCDHG when portion GH was
at equal distances to conductors SR and QP , with a current of the same intensity 
owing in all these
conductors. This was the experimental observation which justi�ed more completely his addition law. His
words in the Recueil:52

[Electrical] connections are established in such a way that the current 
owing in the two halves of the
circuit [SR and QP ] exert actions on the mobile conductor which tend to destroy one another. As these
two halves of the circuit di�er only in the fact that a rectilinear part of one half corresponds to a part
of the other half, curved and surrounded as we have said, it is evident that, in the case in which the
sinuosities and contours of this last half made its action bigger or smaller than the action of the rectilinear
part of the other half of the circuit, the mobile conductor would be de
ected by a force equal to the
di�erence of these two actions. However, if the law stated above [that is, the addition law] is exact, then
this [mobile] conductor remains in the position in which it was placed before establishing the [electrical]
connections, [namely,] in equilibrium between two equal forces. By observing that this [equilibrium] takes
place, the experiment demonstrates the exactitude of this law.

Chronologically this was the �rst case of equilibrium obtained by Amp�ere utilizing current-carrying
conductors.53 In the Th�eorie, on the other hand, this case of equilibrium appeared in the second place.54

52[Amp�ere, 1822w, p. 90].
53[Amp�ere, 1820b, p. 555].
54[Amp�ere, 1826f, p. 16 and �gure 2], [Amp�ere, 1823c, Amp�ere, 1990, p. 188 and �gure 2] and [Amp�ere, 1965b, p. 164 and

�gure 49].
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4.3.4 Case of Equilibrium of Anti-Parallel Currents

We now discuss the �rst case of equilibrium discussed in the Th�eorie.55 It was �rst presented by Amp�ere in
the Recueil56, our �gure 4.19. It will be called case of equilibrium of anti-parallel currents.

Figure 4.19: Case of equilibrium of anti-parallel currents.

As was seen in Subsections 4.2.1 up to 4.2.4, in order to arrive at his �rst published formula for the
interaction between two current elements, equation (4.8), Amp�ere utilized not only his addition law, but
also the principle of symmetry in order to eliminate the interactions between orthogonal current elements.
He based this principle of symmetry on something even more fundamental, namely, the supposition that
the force between two current elements changes from attractive to repulsive, or vice-versa, having the same
intensity, when the sense of the current is reversed in only one of both elements. He discussed this topic in
the Recueil of 1823:57

The �rst general fact which I deduced from my experiments on the mutual action between two voltaic
conductors is that, whenever two portions of voltaic currents [with each one of them arbitrarily orientated
in space] act on one another, and if the sense of the electric current in one of them is reversed, without
making any change in their respective orientations, then the action which was being exerted between
them, if it was attractive, is transformed into an equal repulsive action and, if the action was repulsive,
[is transformed] into an attraction of equal intensity. I applied this result, which was con�rmed by all
experiments which I had made with electric currents of �nite length, [...]

Despite this generic statement, it was only in the Recueil itself that Amp�ere presented a speci�c case of
equilibrium in order to justify this fundamental supposition. Once more he utilized the astatic vertical coil
represented in �gure 4.16. A rectilinear horizontal conductor AB was placed below this astatic coil, �gure
4.19. In principle this conductor AB might exert a torque on the astatic coil. However, Amp�ere did not
observe any net torque on the astatic coil, no matter the angle between the conductor AB and the vertical
plane of the astatic needle. This lack of a net torque on the astatic needle was his experimental proof of the
principle of symmetry discussed in Subsection 4.2.4. Amp�ere’s words:58

55[Amp�ere, 1826f, p. 14 and �gure 1], [Amp�ere, 1823c, Amp�ere, 1990, p. 186 and �gure 1] and [Amp�ere, 1965b, p. 162 and
�gure 48].

56[Amp�ere, 1822y, p. 301] and [Amp�ere, 1885p, p. 275].
57[Amp�ere, 1822p, pp. 208-211] and [Amp�ere, 1885m, pp. 245-247].
58[Amp�ere, 1822y, pp. 300-302] and [Amp�ere, 1885p, pp. 275-276].
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Therefore, it is by the observation of cases of equilibrium which are independent on the form of the
conductors that it is convenient to determine the value of the sought force. I already recognized three of
these [cases of equilibrium]. The �rst one consists in the equality of the absolute values of the attraction
and repulsion which is produced when the same current 
ows alternately, in two opposite senses, in a
�xed conductor, the orientation and the distance to the body on which it acts remaining constants. This
equality results from the simple observation that two equal portions of one and the same conductor wire
which is covered in silk to prevent communication, [that is, to prevent electrical contact,] well twisted
together to form round each other two equal helices, in which the same electric current 
ows, one current
in one sense and the other current in the opposite sense, exert no action on either a moving conductor or a
magnet. This [equality of the absolute values] can also be established by the help of the mobile conductor
which is illustrated in plate I, �gure 9 of the Annales de Chimie et de Physique, volume XVIII,59 [see
�gure 4.16,] relating to the description of the electrodynamic apparatus of mine which is represented here
(�gure 1 [our �gure 4.19]).

To this end, a horizontal straight conductor AB, doubled several times over, is placed slightly below the
lower part dee0d0 of this [mobile] conductor, in an arbitrary orientation, such that its midpoint in length
and in thickness is in the vertical line through the point x about which the mobile conductor turns freely.
It is seen that this [mobile] conductor stays in the orientation where it is placed, which proves that there
is equilibrium between actions exerted [that is, between the torques exerted] by the �xed conductor on
the two equal and opposite portions of the voltaic circuit bcde and b0c0d0e0, which di�er only in that
the current 
ows towards the �xed conductor AB in the one [portion], and away from it in the other
[portion], whatever the angle between the �xed conductor [AB] and the [vertical] plane of the mobile
conductor. Now, considering �rst the two actions exerted between each portion of the voltaic circuit and
the half of the conductor AB which is the nearest, and then the two actions between each of the two
portions and the half of the conductor which is the furthest away, it will be seen without di�culty:

1. That the equilibrium under consideration cannot occur at all angles except insofar as there is
equilibrium separately between the �rst two actions and the last two.

2. That if one of the �rst two [actions] is attractive because current 
ows in the same direction along
the sides of the acute angle formed by the portions of the conductors, the other [action] will be
repulsive because the same current 
ows in opposite senses along the two sides of the equal and
opposite angle at the vertex.

So that, initially, for there to be equilibrium between these actions, this attraction and this repulsion,
which tend to make the mobile conductor turn, the one in one sense, and the other in the opposite sense,
must be equal to one another; then, the last two actions, the one attractive and the other repulsive,
between the sides of the two obtuse and opposite angles at the vertex and the supplements of those
about which we have just been speaking, must also be equal to each other. Needless to say, these actions
[that is, these torques] are really sums of products of forces which act on each in�nitesimal portion of
the mobile conductor, multiplied by their distance to the vertical about which this conductor is free to
turn; however, the corresponding in�nitesimal portions of the two arms bcde and b0c0d0e0 always being
equal at equal distances from the vertical about which they turn, the equality of the torques makes it
necessary for the forces to be equal.

It is worthwhile to discuss in detail this experiment, not only because it was the �rst experiment discussed
in Amp�ere’s Th�eorie, but also because it belongs to the four cases of equilibrium appearing in his masterpiece
and which were utilized in order to deduce the complete expression of his force between two current elements.

Amp�ere did not explain what he meant by \a horizontal straight conductor AB, doubled several times
over" (un conducteur rectiligne horizontal plusieurs fois redoubl�e AB). The meaning of this expression can
be found in the �rst didactic textbook on electrodynamics published in 1823 by Demonferrand (1795-1844),
a disciple of Amp�ere. When discussing a similar experiment, Demonferrand said that:60

[...] the current dj is doubled several times over to increase its intensity.

As Amp�ere’s force is proportional to the current intensity 
owing in the wire, by making a coil with N
turns, the torque and force exerted by this coil on another conductor will be increased approximately N
times, provided the internal resistance of this coil can be neglected in comparison with the total resistance
of the electrical circuit to which it is connected. Therefore, the horizontal straight conductor AB of �gure
4.19, doubled several times over, can be represented as the upper portion of the rectangular coil of �gure
4.20.

59[Amp�ere, 1821c, plate I, �gure 9, pp. 88-89].
60\[...] le courant dj est redoubl�e plusieurs fois pour augmenter son intensit�e, [Demonferrand, 1823, p. 15].
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Figure 4.20: A rectangular coil with N turns, with a current intensity i0 
owing in each turn. Point O is the midpoint
of the upper portion AB.

The case of equilibrium of anti-parallel currents can then be represented as in �gure 4.21. In this case
the astatic coil with current i is located in a vertical plane, being free to turn around its vertical axis passing
through the points x and y. The projection of the vertical axis meets the upper horizontal portion AB of
the rectangular coil at its midpoint O. In this �gure, separate batteries feed independent currents i0 and i in
the lower rectangular coil and in the upper astatic coil, respectively, in order to represent the most generic
con�guration. However, in most of his experiments, Amp�ere utilized a single battery in order to generate
the same current 
owing through all his conductors.

Figure 4.21: Rectangular coil below an astatic coil. The rectangular coil is �xed in the laboratory, while the mobile
astatic coil can turn freely around its vertical axis of symmetry.

Figure 4.22 presents only the horizontal components which are closer to one another, namely, portions
de and d0e0 of the astatic coil with current i, together with the portion AB of the rectangular coil which is
�xed in the laboratory. A �xed coil with N turns, with a current i0 
owing in each turn, is equivalent to a
single turn coil AB with center O carrying a current Ni0.

Amp�ere’s experiment showed that the mobile astatic coil remained in equilibrium, at rest relative to the
ground, no matter the angle � between the �xed horizontal conductor AB and the vertical plane of the
astatic coil d0e0ed, �gure 4.22.

Johann Salomo Christoph Schweigger (1779-1857) in 1820 utilized this idea of increasing the e�ect gen-
erated by a single current-carrying wire when acting on a magnetic needle by making N turns of the conduc-



Amp�ere’s Electrodynamics 97

Figure 4.22: Upper view of �gure 4.21 indicating only the lower portions d0e0 and de of the astatic coil, together
with the upper horizontal portion AB of the rectangular coil below the astatic coil.

tor.61 This instrument has been called \multiplier". Amp�ere arrived independently at the same idea, as he
mentioned in a letter to G. de la Rive from March 25, 1821. He created an instrument in order \to increase
the force of the currents", in which \the same conducting wire passes 120 times between two stands always
in the same direction, with the goal to exert a stronger action in this proportion".62 Figure 4.23 presents
one of these instruments created by Amp�ere.63

Figure 4.23: Amp�ere’s multiplier.

In this instrument a metal wire makes 30 turns around three wooden stands PQ, P 0Q0 and pq. The
current beginning, for instance, at cup Q0, makes several turns in the three stands P 0pP , getting out at cup
Q. Amp�ere’s statements when describing this instrument:64

When M. Amp�ere utilized this conductor, he could not have been aware of M. Schweigger’s ingenious
instruments; he [Amp�ere] had an idea similar to that of this skilled physicist, although he was not able
to obtain the several applications made by M. Schweigger about the properties which he recognized on
a conducting wire returning in this way around itself.

We now reproduce the main portions of Amp�ere’s long text quoted after �gure 4.19. We include new
�gures in order to illustrate what he wanted to say. We also include our comments. This text has been
reproduced almost verbatim in his Th�eorie published in 1826. The only thing he could observe in this
experiment of the case of equilibrium of anti-parallel currents was the possible rotation of the astatic coil

61[Schweigger, 1821], [Joubert, 1885, p. 13] and [Blondel, 1982, pp. 50 and 104].
62[Launay (ed.), 1936a, pp. 567-569].
63[Amp�ere, 1821c, plate 2, �gure 12].
64[Amp�ere, 1821c, note on pp. 95-96].
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around its vertical axis passing through points x and y after being released from rest, due to the torque
exerted by the lower rectangular coil �xed in the laboratory. He observed no torque acting on the astatic
coil, although it was free to turn around its vertical axis of symmetry. This experiment was not adapted in
order to observe a net force acting on the astatic coil, as only a net torque might be observed. Therefore,
whenever Amp�ere mentioned the \action" exerted by the �xed conductor AB acting on the astatic coil, he
was referring to the \torque" acting on it. However, sometimes he utilized the expressions \attractive action"
and \repulsive action", referring to the possible attractive and repulsive \forces" acting on the portions of
the astatic coil. When discussing Amp�ere’s text, we will clearly distinguish force and torque in order to
clarify his reasonings.

Here are the relevant portions of Amp�ere’s text,65 together with our clari�cations:

To this end, a horizontal straight conductor AB, doubled several times over, [that is, the upper portion
of a rectangular vertical N turn coil,] is placed slightly below the [horizontal] lower part dee0d0 of this
[mobile] conductor, in an arbitrary orientation, such that its midpoint [O] in length and in thickness is in
the vertical line through the point x [and y] about which the mobile [astatic] conductor turns freely. It
is seen that this [mobile astatic] conductor stays in the orientation where it is placed, which proves that
there is equilibrium between actions exerted [that is, between the torques exerted] by the �xed conductor
[AB] on the two equal and opposite portions of the voltaic circuit bcde and b0c0d0e0, which di�er only
in that the current 
ows towards the �xed conductor AB in the one [portion], and away from it in the
other [portion], whatever the angle [�] between the �xed conductor [AB] and the [vertical] plane of the
mobile [astatic] conductor.

Amp�ere considered the astatic coil, composed of the circuits bcde and b0c0d0e0 of �gure 4.19, as being a
single rigid conductor c0cdd0c0 which could turn freely around its vertical axis of symmetry passing through
points x and y. The \two equal and opposite portions of the voltaic circuit bcde and b0c0d0e0" to which he
was referring in this quotation were the upper portion, composed of parts bc and b0c0, in which the current
was 
owing away from the �xed conductor AB according to �gure 4.21, and the lower portion, composed of
parts de and d0e0, in which the current was 
owing towards the �xed conductor AB. The astatic coil has two
other portions, namely, the central axis, composed of parts ef and e0f 0, in which the current was 
owing
away from the �xed conductor AB, and the vertical lateral portion, composed of parts cd and c0d0, in which
the current was 
owing towards the �xed conductor AB. It is not necessary to take into account the action
on the central axis because, no matter the net force exerted by AB on this central axis, this supposed net
force will not exert any torque no the astatic coil, as the arm of the lever of this torque has zero length.

In the sequence of his analysis, Amp�ere considered only one of the portions of the astatic coil. The
considered portion might be the upper portion, composed of parts bc and b0c0, the lower portion, composed
of parts de and d0e0, or the lateral portion, composed of parts cd and c0d0. We will illustrate his reasoning
considering only the lower portion, although his statements could also be applied to the upper or lateral
portions. Here are the relevant portions of Amp�ere’s text,66 together with our clari�cations:

Now, considering �rst the two actions [torques] exerted between each [lower] portion of the voltaic circuit
and the half of the [�xed] conductor AB which is the nearest, and then the two actions [torques] between
each of the two [lower] portions and the half of the [�xed] conductor [AB] which is the furthest away, it
will be seen without di�culty:

1. That the equilibrium under consideration cannot occur at all angles except insofar as there is
equilibrium separately between the �rst two actions [torques] and the last two [torques].

2. That if one of the �rst two [forces] is attractive because current 
ows in the same direction along
the sides of the acute angle formed by the portions of the conductors, [that is, with the two currents

owing towards the center O of the �xed conductor AB, or 
owing away from this center,] the other
[force] will be repulsive because the same current 
ows in opposite senses along the two sides of the
equal and opposite angle at the vertex, [that is, with one of the currents 
owing towards the center
O of the �xed conductor AB, while the other current is 
owing away from it].

So that, initially, for there to be equilibrium between these actions [torques], this attraction and this
repulsion, which tend to make the mobile conductor turn, the one in one sense, and the other in the
opposite sense, [that is, the attractive force tending to make the astatic coil turn in one direction and
the repulsive force tending to make the astatic coil turn in the opposite direction,] must be equal to
one another; then, the last two actions [forces], the one attractive and the other repulsive, between the

65[Amp�ere, 1822y, pp. 301-302] and [Amp�ere, 1885p, pp. 275-276].
66[Amp�ere, 1822y, pp. 301-302] and [Amp�ere, 1885p, pp. 275-276].
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sides of the two obtuse and opposite angles at the vertex and the supplements of those about which
we have just been speaking,67 must also be equal to each other. Needless to say, these actions [that
is, these torques] are really sums of products of forces which act on each in�nitesimal portion of the
mobile conductor, multiplied by their distance to the vertical about which this conductor is free to turn;
however, the corresponding in�nitesimal portions of the two arms bcde and b0c0d0e0 always being equal at
equal distances from the vertical about which they turn, the equality of the torques makes it necessary
for the forces to be equal.

Figures 4.24 and 4.25 illustrate what Amp�ere wanted to say. The attractive force exerted by the half
part AO of the �xed conductor, acting on the lower part d0e0 of the astatic coil which is closer to AO, is
represented by ~F1. The repulsive force exerted by OB on de is represented by ~F2. Force ~F1 is attractive
due to the fact that both currents 
ow towards point O. Force ~F2, on the other hand, is repulsive, because
one of the currents 
ows towards O, while the other current 
ows away from O, as can be seen in �gures
3.18 and 3.19. Amp�ere concluded that these two forces should be equal in magnitude and direction, namely,
~F1 = ~F2. According to Amp�ere, only with this equality could they generate equal and opposite torques on
the lower portion d0e0ed of the astatic coil. That is, the torque generated by the force ~F1 tends to turn the
astatic coil clockwise around the vertical passing through point O, while the torque generated by the force
~F2 tends to turn the astatic coil anti-clockwise.

Figure 4.24: (a) ~F1 represents the attractive force exerted by the half AO of the �xed conductor acting on the lower
portion d0e0 of the astatic coil which is closer to AO. (b) ~F2 represents the repulsive force exerted by OB acting on
de.

Figure 4.25 represents the remaining forces exerted by the �xed conductor AB acting on the lower portion
d0e0ed of the astatic coil. The repulsive force exerted by the half OB of the �xed conductor acting on the
farthest portion d0e0 of the astatic coil is represented by ~F3, while the attractive force exerted by AO and
acting on the portion de is represented by ~F4. Force ~F3 is repulsive because one of the currents 
ows towards
point O while the other current 
ows away from this point. Force ~F4, on the other hand, is attractive
because both currents 
ow towards point O, see �gures 3.18 and 3.19. Amp�ere concluded that these two
forces should have the same magnitude and direction, that is, ~F3 = ~F4. Only with this force equality could
they generate equal and opposite torques on the lower portion d0e0ed of the astatic coil. That is, the torque
generated by force ~F3 tends to turn the astatic coil clockwise around the vertical passing through point O,
while the torque generated by force force ~F4 tends to turn the astatic coil anti-clockwise.

A similar analysis can be made as regards the forces and torques exerted by the �xed conductor AB
acting on the upper portion c0b0bc of the astatic coil. Analogously, a similar analysis can be made as regards
the forces and torques exerted by the �xed conductor AB acting on the lateral portions cd and c0d0 of the
astatic coil.

The experimental result is that the astatic coil remains in equilibrium no matter the angle � between the
vertical plane passing through the �xed conductor AB and the vertical plane of the astatic coil. This lack
of a net torque acting on the mobile astatic coil in this con�guration can only be explained by the fact that
the force between two current elements changes from attractive to repulsive, or from repulsive to attractive,
maintaining the same intensity, whenever only one of these currents reverses its sense. For this reason we
have called this experiment the case of equilibrium of anti-parallel currents. The anti-parallel currents in
the case of �gure 4.24, for instance, would be d0e0 and de. That is, parallel and collinear currents 
owing in

67Two angles are supplementary if they add up to 180o or � rad.



100 A. K. T. Assis and J. P. M. d. C. Chaib

Figure 4.25: (a) ~F3 represents the repulsive force exerted by the half OB of the �xed conductor acting on the farthest
lower portion d0e0 of the astatic coil. (b) ~F4 represents the attractive force exerted by AO acting on de.

opposite senses, one current 
owing from left to right towards point O, while the other current 
ows from
right to left towards point O. The anti-parallel currents in this �gure might also be AO and OB. That is,
parallel and collinear currents, one of them 
owing towards the rotation axis, while the other current 
ows
away from this axis.

By turning �gure 4.24 (a) clockwise by an angle of � rad around the vertical axis passing through point
O, we arrive at the con�guration of �gure 4.26. This con�guration is analogous to the con�guration 4.24
(b) with OA instead of OB and with e0d0 instead of ed. However, in �gure 4.26 the current in the �xed

conductor 
ows from point A towards point O. There is now an attractive force ~F1 on the mobile portion
e0d0 of the astatic coil pointing towards OA, instead of the repulsive force ~F2 of �gure 4.24 (b).

Figure 4.26: Con�guration of �gure 4.24 (a), after rotating the whole system clockwise by � rad around the vertical
axis passing through point O.

By changing the sense of the current only in the �xed conductor OA of �gure 4.26, so that it now 
ows
from O to A instead of 
owing from A to O, the attractive force ~F1 which was acting on the mobile portion
ed of the astatic coil is transformed into a repulsive force having the same intensity as force ~F1. We then
arrive exactly at the con�guration of �gure 4.24 (b).

Amp�ere could then justify his addition law and his principle of symmetry utilizing the case of equilibrium
of the sinuous current together with the case of equilibrium of anti-parallel currents. In this way he could
conclude that equation (4.8) was the only expression compatible with the experimental behavior of nature.
From this time onwards he needed only to determine experimentally the value of the constant which he
represented by n=m or, equivalently, by k.



Chapter 5

Amp�ere’s Conception of Magnetism

5.1 Magnetism being due to Macroscopic Electric Currents Flow-
ing in Magnets and in the Earth

The nomenclature utilized in this book has been presented in Section 1.4:

� Electrostatic phenomena: Forces and torques between electri�ed bodies which are at rest relative to
one another.

� Magnetic phenomena: Forces and torques between magnets, together with the torques exerted by the
Earth on magnets (orientation of compass and dip needles).

� Electromagnetic phenomena: Forces and torques between a current-carrying conductor and a magnet,
together with the forces and torques exerted by the Earth on current-carrying conductors.

� Electrodynamic phenomena: Forces and torques between current-carrying conductors.

The words magnet, magnetic and magnetism come from a region called Magnesia, where the ancient
Greeks found the naturally occurring magnetic mineral magnetite, an iron oxide which had the property of
attracting small pieces of iron.1 The word electromagnetism was introduced by �rsted, while the expressions
electrostatic and electrodynamic were introduced by Amp�ere, as discussed in Section 1.4.

In Section 2.3 and in Chapter 3 we presented Amp�ere’s initial reactions to �rsted’s experiment. He
supposed that the magnetic and electromagnetic e�ects might be due purely to interactions between current-
carrying conductors. That is, Amp�ere believed these phenomena resulted from electrodynamic interactions.
In order to test experimentally this hypothesis, he tried to reproduce electrodynamically the magnetic and
electromagnetic phenomena, that is, utilizing current-carrying conductors replacing the magnets and the
Earth. To this end he had to �nd the distribution of the supposed electric circuits inside the Earth and also
inside magnets.2 In order to test theoretically this hypothesis, he tried to �nd a mathematical expression for
the force between two current elements which, after being integrated, might reproduce the known formulas
describing the magnetic and electromagnetic interactions.

Initially he supposed macroscopic currents 
owing in the Earth, as discussed in Section 2.3, �gures 2.3
and 2.4. Although he was not very speci�c about these hypothetic terrestrial electric currents, it is possible
that he had in mind something as represented in �gure 5.1. That is, these electric currents should describe
circles centered along the North-South magnetic axis of the Earth, with all of these currents 
owing in planes
orthogonal to this axis.

As regards the distribution of the supposed electric currents inside a magnet, Amp�ere was very speci�c,
as discussed in Section 3.5. It is relevant to reproduce once more his words of 1820 illustrating what current
distribution he had in mind:3

Now, if electric currents are the cause of the directive action of the Earth, then electric currents could also
cause the action of one magnet on another magnet. It therefore follows that a magnet could be regarded

1[Assis, 2010b], [Assis, 2010c], [Assis, 2011b] and [Assis, 2015c].
2[Chaib and Assis, 2007a].
3[Amp�ere, 1820f, pp. 207-208], [Amp�ere, 1965a, pp. 152-153] and [Chaib and Assis, 2009b, pp. 137-138], our emphasis.

101



102 A. K. T. Assis and J. P. M. d. C. Chaib
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Figure 5.1: Possible representation of the supposed terrestrial electric currents according to Amp�ere. (a) Currents
over the surface of the Earth. (b) Concentric currents inside the Earth along its magnetic equatorial plane, with the
North pole above the paper and the South pole below the paper.

as an assembly of electric currents in planes perpendicular to its axis, their direction being such that the
austral pole of the magnet, pointing North, is to the right of these currents since it is always to the left
of a current placed outside the magnet, and which faces it in a parallel direction, or rather that these
currents establish themselves �rst in the magnet along the shortest closed curves, whether from left to
right, or from right to left, and the line perpendicular to the planes of these currents then becomes the
axis of the magnet and its extremities make the two poles. Thus, at each pole the electric currents of
which the magnet is composed are directed along closed concentric curves.

Figure 5.2 presents a representation of the currents for a cylindrical magnet, following Amp�ere’s pre-
scription. In �gure 5.2 (a) Amp�ere’s observer is lying on his back with the currents 
owing from his feet
towards his head. The North pole of this magnet is at the right of this observer. Figure 5.2 (b) presents a
cross section of this magnet, where the North pole is above the paper and the South pole is below it. Ac-
cording to Amp�ere’s initial conception, the electric currents should form macroscopic circles centered along
the North-South axis of the magnet.

Figure 5.2: Electric currents 
owing on the surface and inside a cylindrical magnet, according to Amp�ere’s initial
conception of magnetism.

The fact that these supposed electric currents should 
ow in circles around the axis of cylindrical magnets
has been explicitly mentioned by Amp�ere in another portion of this paper:4

From M. Biot’s splendid experiment, currents which are in one and the same plane perpendicular to the
axis of a magnet, must be regarded as having the same intensity, since it results from the experiment
where he compared the e�ects produced by the action of the Earth on two similarly magnetized bars of
the same size and shape, of which one was hollow and the other solid, that the motive force is proportional
to the mass and that in consequence the causes to which it is due act with the same intensity on all
particles of one and the same cross-section perpendicular to the axis, the intensity varying from section
to section according as these sections are close to or far from the poles. When the magnet is a solid of
rotation about the line joining its two poles, all the currents of one and the same section must be circles;
[...]

Figure 5.3 presents Amp�ere’s initial conceptions about the macroscopic currents in a rectangular magnet.
Figure 5.3 (a) shows Amp�ere’s original �gure.5 Figure 5.3 (b) is our redrawing of this �gure.

4[Amp�ere, 1820f, p. 179], [Amp�ere, 1965a, p. 147] and [Chaib and Assis, 2009b, pp. 124-125].
5[Amp�ere and Babinet, 1822a, p. 32, �gure 15] and [Amp�ere and Babinet, 1822b, p. 197, �gure 15].
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Figure 5.3: Electric currents 
owing in a rectangular magnet according to Amp�ere’s initial conception.

5.2 Fresnel’s Contributions

As seen in Section 5.1, initially Amp�ere conceived macroscopic currents 
owing in magnets and in the Earth.
In January 1821 he changed his conception and began to adopt the idea that magnets and also the Earth were
composed of assemblies of particles. Electric currents would be circulating perpetually round these particles.
These microscopic electric currents should 
ow especially around magnetized particles or molecules of iron
or steel. He attributed this conception to Augustin-Jean Fresnel (1788-1827), �gure 5.4.

Figure 5.4: A.-J. Fresnel.

Fresnel began to study at the �Ecole Polytechnique in 1804, the same year in which Amp�ere began to
teach at this institution. They began to have close contact around 1814 when Fresnel began his interests in
optics. In order to improve his �nancial situation, Amp�ere used to rent a room is his Parisian home to some
friends. Fresnel lived there from 1822 until his early death in 1827, when he was 39 years old.6

Amp�ere initially accepted the corpuscular theory of light, which he also called the \system of emission".
Fresnel, on the other hand, defended the wave theory of light. Amp�ere changed his mind in 1816 due to
Fresnel’s in
uence.7 Fresnel initially believed that the luminous waves were due to longitudinal vibrations in
the ether, in analogy with sound waves in air. Amp�ere suggested to Fresnel to consider luminous transverse
waves instead of longitudinal ones, in order to explain satisfactorily several phenomena, including light
polarization. Fresnel himself acknowledged that this fundamental idea of transverse vibrations orthogonal
to the direction of propagation of the luminous wave was due to Amp�ere.8

As regards the electrodynamic conception of magnetism, it was Fresnel who supplied a fundamental
contribution to Amp�ere’s thinking. Initially Amp�ere believed in macroscopic electric currents 
owing inside
magnets and in the Earth in order to explain their magnetic properties. Fresnel suggested to him the con-
ception of microscopic currents 
owing around the iron or steel particles of a magnet, instead of macroscopic
currents 
owing around the axis of the magnet.9 Fresnel presented a comparison between these two electro-
dynamic conceptions of magnetism in two papers.10 The second work, dated 5 July 1821, probably re
ects
his mature thinking on this subject due to his exchange of ideas with Amp�ere during the previous months.

6[Hofmann, 1996, pp. 135-136 and 223].
7[Rosmorduc, 1977, p. 162] and [Hofmann, 1996, pp. 216-217 and 221-222].
8[Rosmorduc, 1977, pp. 165-167] and [Hofmann, 1996, p. 222].
9[Blondel, 1982, p. 98] and [Hofmann, 1996, p. 283].

10[Fresnel, 1885a] and [Fresnel, 1885b].
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These two papers were not published in 1821. They were found with Amp�ere’s manuscripts, being published
by Joubert in 1885 in his Collection of memoirs related to physics.11

In these two works Fresnel presented several arguments against the conception of macroscopic currents
and in favor of microscopic currents around the particles of iron or steel composing a magnet. Title of his
�rst paper:12 Comparison of the supposition of currents around the axis [of a magnet] with currents around
each molecule.13 Title of his second work:14 Second note on the hypothesis of currents belonging to the
particles.15

In his �rst paper Fresnel argued as follows:16

With the supposition of [macroscopic] currents around the axis [of a magnet], when we cut longitudinally
a hollow magnetized steel cylinder, it should lose immediately its magnetic property. [...]

With the supposition of currents around each particle [of the magnet], a hollow magnet can be cut
longitudinally, without destroying its magnetism.

This statement is a strong argument in favor of microscopic currents. After all, when performing this
experiment, cutting longitudinally a hollow magnet, its magnetism is not destroyed.

Fresnel presented other arguments against the conception of macroscopic currents. Since the early ex-
periments with Volta’s battery around 1800 it was known that a resistive wire heats when a current 
ows
through it. A permanent magnet, on the other hand, usually has the same temperature of the surrounding
bodies. A bar of soft iron can be magnetized by passing a current through a helix coiled around it. The bar
is not heated by this procedure. How could these phenomena be explained based on Amp�ere’s conception
that magnetism was due to electric currents inside the magnet? Fresnel utilized these phenomena to argue
in favor of molecular currents:17

I point out, moreover, the peculiarity that a magnet is not hot, although it should be [hot] with the
hypothesis of [macroscopic] currents around the axis [of the magnet], is not di�cult to explain with the
hypothesis of currents around the particles [of the magnet]; for, if a [macroscopic] electric current, by

owing through a mass of particles of a conducting body, heats it, then it is not necessary that the
[microscopic] currents around the particles of a similar mass should also heat it [the body], because the
circumstances are not the same. The cause of the heat produced by an [macroscopic] electric current
is not well known, and we have only very incomplete ideas about the constitution of bodies in order to
know if, in this case [of molecular currents], the electricity should produce heat.

5.3 Amp�ere and the Molecular Currents

In an un�nished memoir on the theory of magnetism, Amp�ere attributed to Fresnel the suggestion of the
hypothesis of currents 
owing around the particles or molecules composing a magnet. There is a manuscript
of this work, written with his letter, mentioning this fact. The following fragment of this memoir has been
published by Joubert:18

This hypothesis (the hypothesis of currents around the particles) has been communicated to me by M.
Fresnel, who found several advantages in considering in this way the electric currents in a magnet.

In 26 December 1820 and in 15 January 1821, Amp�ere presented at meetings of the Academy of Sciences
of Paris the hypothesis according to which the supposed currents in magnets do not need necessarily to be
coaxial.19 His words:20

11Collection de M�emoires relatives a la Physique.
12[Fresnel, 1885a].
13French original title: Comparaison de la supposition des courants autour de l’axe avec celle des courants autour de chaque

mol�ecule.
14[Fresnel, 1885b].
15French title: Deuxi�eme note sur l’hypoth�ese des courants particulaires. The adjective particulaire can be translated as

particulate. It is related to the particles composing the bodies (the magnet, in his example), [Littr�e, 1877]. This word should
not be confused with the adjectives particulier and particuli�ere, having the meaning of something \speci�c" or \particular".

16[Fresnel, 1885a, p. 143].
17[Fresnel, 1885b, p. 144].
18[Amp�ere, 1885a, p. 140].
19[Blondel, 1982, p. 98].
20[Amp�ere, 1820b, pp. 557-558], [Amp�ere, 1821b, p. 163], [OErsted et al., 1822, pp. 91-92] and [Amp�ere, 1885a, pp. 139-140].
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In a last memoir, read to the Acad�emie des Sciences in 8 and 15 January 1821, M. Amp�ere presented
some approximate calculations, relative to the mutual action between a [current-carrying] connecting wire
and a magnet, utilizing the formulas from which he can deduce, from the law aforementioned, all the
circumstances of this action. He �nished examining a question which does not seem to him susceptible
of being exactly solved, before these calculations have been advanced and their results compared with
those of experiments, a situation for which no precise observation has already been made. This question
is to know if the closed curves, where the electric currents providing the magnetized steel the properties
characterizing it 
ow, are situated concentrically around the line connecting the two poles of the magnet,
or if these currents are distributed over all its mass around each one of its particles, always in planes
orthogonal to this line. Several considerations which the author has not yet developed seem to favor this
last proposal of conceiving the existence of electric currents in the magnets. However, as all phenomena
known up to now can be equally well explained with the �rst [hypothesis], he considered it better to leave
this question open for the time being, until new calculations and new experiments o�er all the necessary
elements for a solution.

Figure 5.5 illustrates Amp�ere’s initial conception of molecular currents for the cylindrical magnet.

Figure 5.5: Amp�ere’s initial conception of molecular currents for a cylindrical magnet. (a) Directions of the molecular
currents at the surface of a cylindrical magnet NS, as seen in pro�le. (b) Cross section of this magnet indicating the
directions of the currents. The North pole is above the paper and the South pole below it.

According to this quotation, Amp�ere initially considered even molecular currents as being located in
planes orthogonal to the straight line connecting the magnetic poles of a magnet. Figure 5.5 (a) shows
a longitudinal cut of a cylindrical magnet with its North pole at the left of this �gure. The small arrows
pointing upwards indicate the senses of the microscopic currents at the upper parts of the particles composing
the magnet, that is, the parts of these particles which are closer to the eyes of someone looking at this �gure.
Figure 5.5 (b) shows a cross section of this magnet, with the North pole above the paper and the South pole
below it. The small circular loops represent the currents 
owing around the particles of the magnet.

Between 1821 and 1822, Gaspard de la Rive (1770-1834), Albert van Beek (1787-1856) and Faraday
performed some experiments showing that the poles of a cylindrical magnet are not located exactly at
the extremities of the magnet. These experiments forced Amp�ere to modify his conception of microscopic
currents.21 In a letter addressed to Gaspard de la Rive, dated 12 June 1822, Amp�ere included �gure 5.6
(a).22 It presents a longitudinal cut of a cylindrical magnet with its North pole at point A and its South
pole at point B. This �gure presents the equilibrium con�guration of the microscopic currents around the
particles of the magnet, due to the interaction of all microscopic currents. That is, due to the collective
interactions between the small current-carrying loops, the planes of these molecular currents should no longer
remain orthogonal to its magnetic axis.23 Figure 5.6 (b) presents the same image indicating the North and
South poles by the letters N and S, respectively.

This �nal conception of molecular currents presented by Amp�ere, with their planes inclined relative to
the axis of an uniformly magnetized bar, is accepted in its essence up to the present time.

5.4 Names Given to the Molecular Currents

As discussed in Sections 5.2 and 5.3, Fresnel suggested to Amp�ere the hypothesis of electric currents 
owing
around the particles or molecules of a magnet. Fresnel mentioned currents around each molecule or particle

21[Blondel, 1982, pp. 98 and 123-125] and [Hofmann, 1996, pp. 282-290].
22[Amp�ere, 1822m, p. 257 and plate 6, �gure 25], [Amp�ere, 1885i, p. 155] and [Blondel, 1982, p. 124].
23[Hofmann, 1996, pp. 288-289].
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Figure 5.6: Amp�ere’s improved conception of the molecular currents for a cylindrical magnet.

of a magnet, calling them courants particulaires, that is, particulate currents or currents around the particles
or molecules composing the magnet.

Amp�ere initially adopted this nomenclature. For instance, in a letter dated 10 July 1822, addressed to
Faraday, he said:24

This objection [to Wollaston’s theory] does not appear in my explanation of the phenomena, because
I initially admit that the preexisting currents around each particle of iron or steel are directed in all
directions before the magnetization, in such a way that it can be concluded that the total action they
exert on an external point is necessarily null. I consider as something probable, [the existence of] similar
currents around the particles of all bodies, but I suppose that they remain rigidly in this con�guration
in which they cannot act externally, whenever these bodies are not susceptible of being magnetized. In
iron, nickel and cobalt, on the other hand, this con�guration can be modi�ed, and this modi�cation takes
place by the action of a conducting wire, of the Earth, or of a magnet orienting these particulate currents
[courants particulaires], exactly as this action orientates, in my experiments, a conductor bent such that
it forms an almost closed circle; [...]

In the original manuscript and in Joubert’s publication the expression courants particulaires is explicitly
mentioned.25 In Amp�ere’s published correspondence published by Launay, on the other hand, this expression
has been wrongly transcribed as courants particuliers.26 In the Th�eorie Amp�ere also utilized the expression
courants particulaires.27

The expression molecular currents, courants mol�eculaires, has also been utilized by Amp�ere.28 He uti-
lized this expression, for instance, in letters of 1833 addressed to Auguste de la Rive (1801-1873)29 and to
Faraday.30 In this last example, for instance, Amp�ere expressed himself as follows:

But since the experiment I performed with M. Auguste de la Rive obliged me to retract this and admit
the production of currents by in
uence, I thought that the big question of the pre-existence or otherwise
of molecular currents of metals susceptible to magnetization, could no longer be determined in this way,
that it should remain undecided until it could be resolved by other means, and I put no more importance
on these experiments than that I had been wrong not to study more thoroughly.

Nowadays the most common nomenclature is that of molecular currents.31 For instance, an editorial note
published in Nature in 1914 describing the discovery of superconductors by H. K. Onnes had the following
title: \Experimental demonstration of an Amp�ere molecular current in a nearly perfect conductor".32 This
paper includes the following sentence:

As there was practically no resistance, there was practically no dissipation of energy, and the system
behaved like the imagined molecular currents of Amp�ere, and realised the conception of Maxwell as to a
conductor without resistance.

24[Amp�ere, e], [Amp�ere, 1885g, p. 293], [Launay (ed.), 1936a, pp. 586-592] and [Blondel, 1982, p. 110, n. 2].
25[Amp�ere, e] and [Amp�ere, 1885g, p. 293].
26[Launay (ed.), 1936a, p. 587].
27[Amp�ere, 1826f, note on p. 197] and [Amp�ere, 1823c, Amp�ere, 1990, note on p. 369].
28[Blondel, 1982, pp. 120 and 122].
29[Launay (ed.), 1936a, p. 763].
30[Launay (ed.), 1936a, pp. 765-766] and [James, 1993, Letter 654].
31[Maxwell, 1954, vol. 2, Chapter XXII, \Ferromagnetism and diamagnetism explained by molecular currents"],

[Tricker, 1965, pp. 29-31 and 39-41] and [Hofmann, 1996, pp. 282-290].
32[Editor-News, 1914].
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In his lecture when he received the Nobel prize, Onnes stated the following:33

Now that we are able to use these metals, which are easy to work, all types of electrical experiments
with resistance-free apparatus have become possible. To take one example: a self-contained coil, cooled
in the magnetic �eld, should, when the �eld is removed, be able to simulate for some time an Amp�ere
molecular current.

33[Onnes, 1967, pp. 333-334].
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Chapter 6

The Contributions of Biot and Savart

6.1 The Experiment with the Straight Wire

Jean-Baptist Biot (1774-1862), �gure 6.1 (a), also began to research the torques generated by a current-
carrying wire acting on a magnetized needle after �rsted’s 1820 experiment. He worked together with F�elix
Savart (1791-1841), �gure 6.1 (b), with whom he collaborated since 1819. In October 30, 1820, they presented
their �rst work on the action of a straight wire acting on a magnetic needle to the Academy of Sciences of
Paris. In 18 December 1820, they presented another work on the action of a bent wire. The reports read at
these occasions were never published.1

Figure 6.1: (a) J.-B. Biot. (b) F. Savart.

In 1820 they published their �rst paper on this subject.2 Another work presented by Biot to the Academy
of Sciences of Paris in 2 April 1821, has been published in 1821.3 Biot also published a summary of these
researches, without describing the experiments in detail, in the second edition of his book Pr�ecis �el�ementaire
de Physique exp�erimentale of 1821.4 The detailed exposition of his electromagnetic researches appeared only
in the third edition of this book published in 1824.5

We now describe the �rst work of Biot and Savart presented to the Academy of Sciences of Paris in 30
October 1820. They suspended a small magnetized needle AB by a vertical silk thread, with the projection
of this thread passing through the center of gravity of the needle. In order to cancel the magnetic action
of the Earth acting on the magnetic needle, they utilized another large and powerful magnet A0B0 placed

1[Biot and Savart, 1885, p. 80], [Hofmann, 1982, p. 230] and [Hofmann, 1996, p. 377, n. 9].
2[Biot and Savart, 1820]. This work has already been translated to English and to Portuguese, [Biot and Savart, 1965b] and

[Assis and Chaib, 2006], respectively.
3[Biot, 1821b].
4[Biot, 1821a].
5[Biot and Savart, 1824], [Farrar, 1826], [Biot and Savart, 1885] and [Biot and Savart, 1965a].
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horizontally at the same height as the small needle. The large magnet was placed in an appropriate orientation
and distance to the needle. With this procedure, the needle could remain at rest in any orientation, so that
its axis AB might make, for instance, an arbitrary angle with the East-West direction. They then placed a
long vertical wire CMZ close to the needle. In their �rst published paper they did not supply any �gure
describing their experimental apparatus. However, in his book of 1824 Biot presented the image appearing
in our �gure 6.2.6

Figure 6.2: Biot and Savart’s experiment with the straight wire. The electric current 
ows from Z to C. The small
magnetized needle AB can oscillate in a horizontal plane around the vertical silk thread.

Their �rst conclusion when a constant current was 
owing through the vertical wire was the following:7

By these procedures MM. Biot and Savart arrived at the following result which rigorously represents the
action experienced by a molecule of austral or boreal magnetism when placed at some distance from a
�ne and inde�nite cylindrical wire which is made magnetic by voltaic current. Drawing a perpendicular
to the axis of the wire from the point where the magnetic molecule resides, the force in
uencing the
molecule is perpendicular to this line and to the axis of the wire.

What they called a \magnetic molecule" should be understood as a supposed particle of austral or boreal

uid, that is, a particle containing a North pole or a South pole, respectively.

However, as a matter of fact, they did not observe a \force in
uencing the magnetic molecule". What
they observed was a torque exerted by the current-carrying wire acting on the magnetized needle. When the
horizontal magnetic needle was in equilibrium under the action of this torque, at rest relative to the ground,
with the auxiliary magnet A0B0 canceling terrestrial magnetism, its orientation was orthogonal not only to
the vertical current-carrying wire, but also to the shortest straight line connecting the center of the needle to
the vertical wire. If the needle were removed from this speci�c orientation and released from rest, it would

6[Biot and Savart, 1824, plate II, �gure 7, p. 707], [Farrar, 1826, p. 308, �gure 134] and [Tricker, 1965, p. 120, �gure 41].
7[Biot and Savart, 1820], [Biot and Savart, 1965b, p. 118] and [Assis and Chaib, 2006].
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su�er a torque tending to return it to this orientation. This orthogonal orientation of the needle had already
been emphasized previously by Amp�ere in the September 18th meeting of the Academy of Sciences of Paris
utilizing his astatic magnetic needle, as discussed in Section 3.2, �gure 3.2.

Biot and Savart interpreted their experiment based on supposed forces acting on the magnetic poles of
the needle. They concluded that the direction of this force acting on a point magnetic 
uid was orthogonal to
the plane formed by the vertical straight wire and by the pole. Moreover, the direction of this force pointed
in opposite senses if it was acting on an austral or on a boreal 
uid (that is, if it was acting on a North pole
or on a South pole of the needle). Their conclusion can be illustrated by means of �gure 6.3.8 The straight
wire carrying a current i and the particle of austral or boreal magnetism m are located in the plane of the
paper. When the current 
ows as indicated by the arrow, the force acting on the particle will be orthogonal
to the paper. When it is an austral magnetic 
uid (that is, a North pole), the force will point downwards.
When it is a boreal magnetic 
uid (that is, a South pole), the force will point upwards.

Figure 6.3: A particle of austral or boreal magnetism is represented by the letter m.

They described their conclusion utilizing an observer analogous to that of Amp�ere, who had already
published his rule previously, as discussed in Section 2.3. Biot and Savart utilized a battery in which the
current 
owed along the vertical wire from the terminal connected to zinc to the terminal connected to
copper. Their observer, as described in 1824, was described as follows:9

If one conceives an observer placed on this wire, with his head at the copper extremity, the feet at the
zinc extremity and facing the [magnetized] needle, the force emanating from the wire will act on the
elements of austral magnetism from right to left of this observer, and [will act on] the elements of boreal
magnetism from his left to the right, orthogonally to the shortest distance from these elements to the
wire.

In the situation of �gure 6.3 the zinc terminal would be in the lower extremity of the wire, the copper
terminal in the upper extremity, with the current 
owing along the arrow direction. An observer lying on
his back in the wire and facing a particle m of austral magnetism would notice this particle being forced
from his right to his left, that is, with the force pointing downwards in the plane of the paper. The force
would point in the opposite sense for a particle of boreal magnetism. Therefore, a magnetized needle would
remain in equilibrium with its horizontal axis orthogonal to the plane passing through the vertical wire and
by the center of the needle.

Biot and Savart also allowed this needle to perform small oscillations around this equilibrium orientation,
measuring the periods of these oscillations at several distances between the center of the needle and the
current-carrying vertical wire. From these measurements they concluded that the intensity of the supposed
force acting on a magnetic pole of the needle \is inversely proportional to the distance".10

In 1824 Biot mentioned in the third edition of his book that, from the results of these experiments,
Pierre-Simon Laplace (1749-1827), �gure 6.4, concluded by a theoretical calculation that the intensity of the
elementary force exerted by each current element of the wire acting on a magnetic molecule should vary as
the inverse square of their distance.

Biot’s words:11

8[Blondel, 1982, p. 55, �gure 10].
9[Biot and Savart, 1824, p. 725] and [Biot and Savart, 1885, p. 102]. See also: [Farrar, 1826, p. 345].

10[Biot and Savart, 1820], [Biot and Savart, 1965b, pp. 118-119] and [Assis and Chaib, 2006].
11[Biot and Savart, 1824, p. 740], [Farrar, 1826, p. 334], [Biot and Savart, 1885, pp. 113-114] and [Biot and Savart, 1965a,

pp. 133-134].
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Figure 6.4: P. S. Laplace.

The action of an inde�nite and rectilinear connecting wire on a magnetic element, such as that obtained
in the foregoing experiments, is still nothing but a composite result; for by imagining the length of wire
to be divided into in�nitely many �ne sections of very low height, it is seen that each section must act
on the [magnetized] needle with a di�erent energy according to its distance and direction [to the center
of the needle] and the direction in which its action is exerted. Now these elementary forces are just the
simple result which it is specially important to know, for the total force exerted by the wire is nothing
other than the arithmetic sum of these e�ects. However, calculation is su�cient to rise from the resultant
to the simple action. This is what Laplace did. From our observations he deduced mathematically the
law of the force exerted individually by each section of the wire on each magnetic molecule presented to
it. This force, like the total action, is perpendicular to the plane drawn through the longitudinal element
of wire in the shortest distance between this element and the magnetic molecule which is in
uenced. The
intensity of the force, as in other magnetic actions, is reciprocal to the square of the distance.

Biot did not present the details of these calculations performed by Laplace. To our knowledge Laplace
also never published them. It should be kept in mind that in 4 December 1820, Amp�ere had already published
the �rst version of his force between current elements which also varied as the inverse square of their distance,
depending also on the angles between the elements and the straight line connecting them, equation (4.8).

This conclusion of Laplace and Biot was wrong. It is not possible to deduce an elementary force exerted
by a portion of the wire beginning only with the integrated force exerted by the whole wire. The only
thing which can be shown is that a speci�c elementary force, after being integrated, is compatible or not
compatible with the experimental result due to the in
uence of the whole wire. However, there can be two
or more di�erent elementary forces which, after integration, yield the same macroscopic result. This fact
can be shown with a single counterexample. Hofmann, for instance, supposed a wire of in�nite length along
the x axis as in �gure 6.5.12

x

yyo

V

x
r

a

m

Figure 6.5: A current-carrying wire along the x axis with a magnetic particle m at a distance a to the wire.

He supposed a particle of magnetic 
uid located along the y axis, at a distance a from the center of the
wire located at x = 0. An in�nitesimal element of the wire located at position x has a length dx. He called
V the angle between the wire and the straight line connecting the current element to the magnetic pole,
with r being their distance. We then have x = r cosV and a = r sinV . He then supposed a force between

12[Hofmann, 1982, pp. 240-241].
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the current element and the magnetic pole proportional to:13

(
eaxdx = er2 cos V sin V dx ; for � 1 < x < 0 ;

e�axdx = e�r2 cos V sin V dx ; for 0 < x < 1 :
(6.1)

This supposed force pointed along the z axis, that is, orthogonal to the xy plane, just like Biot’s supposed
force.

After integrating this force with x going from �1 to 1, Hofmann obtained a force proportional to
1=a. That is, inversely proportional to the distance between the magnetic pole and the wire. The same
proportionality had been obtained experimentally by Biot and Savart for the action of a long straight wire
acting on a magnetic needle.

Although the integrated result of Hofmann’s force was proportional to 1=a, equation (6.1) is not pro-
portional to 1=r2. This counterexample proves that it is not possible to deduce that the elementary force
is inversely proportional to the square of the distance between the current element and the magnetic pole,
beginning with the experimental result that the integrated force exerted by an in�nite wire acting on a
magnetic pole is inversely proportional to the distance between this pole and the wire.

6.2 The Experiment of the Bent Wire

In their work presented to the Academy of Sciences of Paris on 18 December 1820, Biot and Savart described a
new experiment in which they measured the periods of oscillation of a horizontal magnetized needle around
its equilibrium orientation, this time with the needle being in
uenced by a bent wire. Figure 6.6, which
appeared in Biot’s book of 1824, presents their apparatus.14

Figure 6.6: Biot and Savart’s experiment with the bent wire. The current 
ows from the zinc Z towards the copper
C, that is, in the direction Z0M 0C0 along the vertical wire, and in the direction ZMC along the bent wire located
in this vertical plane. Points M and M 0 are electrically insulated from one another. The small magnetized needle
AB can oscillate in a horizontal plane passing through HMM 0 around the vertical thread holding it. The letter m
represents a magnetic pole of the needle, while � and �0 represent small elements of the current-carrying wires.

The small magnetized needle AB is once more suspended horizontally by a vertical thread whose projec-
tion passes through the center of the needle. The vertical wire C 0M 0Z 0 has the same role as the vertical wire
CMZ of �gure 6.2. Letter C indicates that this extremity of the wire is connected to the copper terminal
of the battery, while letter Z indicates that this extremity is connected to the zinc terminal of the battery.

13[Hofmann, 1982, pp. 240-241].
14[Biot and Savart, 1824, pp. 716-717], [Farrar, 1826, p. 334, �gure 136], [Biot and Savart, 1885, p. 93] and

[Biot and Savart, 1965a, p. 135, �gure 43].
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Letters M and M 0 indicate the midpoints of the wires. These points are at the same height from the ground
as the center of the needle. The horizontal segment HM is at the same height as the needle. Letters � and
�0 indicate small lengths of the current-carrying wires. Letter m indicates a molecule of austral or boreal
magnetism, that is, a North or a South pole of the needle. In their new experiment, Biot and Savart utilized
a bent wire CMZ located in a vertical plane. They called the angle ZMH as the inclination i of the wire
to the horizontal. This letter i should not be confused with Amp�ere’s current intensity i.

Initially Biot and Savart maintained a constant angle ZMH = i and changed the distance c between
the center of the wire and the center of the needle. Later on they kept a constant distance c and varied the
angle ZMH = i. They measured the period for small oscillations of the needle relative to its equilibrium
orientation for several values of the distance c and for several values of the angle ZMH = i. From these
measurements, they arrived at the following conclusion, as expressed by Biot in 1821, at the second edition
of his book Pr�ecis �el�ementaire de Physique exp�erimentale:15

I thus found that, for both the bent wire and the straight wire, the action was inversely proportional to
the distance to the points M and M 0; but the absolute intensity was weaker for the bent wire than for
the straight wire, in the proportion of the angle ZMH to unity. This result, analyzed by calculation,
appeared to indicate to me that the action of each element � of the oblique wire on each molecule m of
austral or boreal magnetism is inversely proportional to the square of its distance �m to this molecule,
and proportional to the sine of the angle m�M formed by the distance �M with the direction of the
wire.

That is, the supposed force exerted by the bent wire on the magnetic pole located at a distance c from
the vertex of the bent wire should be proportional to:

angle(ZMH)

c
: (6.2)

On the other hand, the force exerted by the current element � on the magnetic pole m, located at a
distance �m from the current element, should be proportional to:

sin(m�M)

(�m)2
: (6.3)

Let us consider �gure 6.3. There is an in�nitely long straight wire, with the arrow indicating the direction
of the current. The letter m indicates a magnetic pole. Let us represent by ds the length of an in�nitesimal
element of the wire located at a distance r from this magnetic pole. The angle between the wire and the
straight line connecting the current element to the magnetic pole is represented by �. This notation is
more similar to the notation utilized by Amp�ere, facilitating the comparison of both theories. Utilizing this
notation, then according to Biot and Savart the force exerted by the current element on the magnetic pole
should be proportional to:

sin�

r2
: (6.4)

Implicitly Biot and Savart assumed also that this force should be proportional to the intensity of the
magnetic pole m, proportional to the intensity i of the current 
owing through the element, and also
proportional to the in�nitesimal length ds of the element. They needed this force exerted by a current
element in order to obtain, by integration, the force exerted by a long straight or bent wire acting on a
magnetic pole. With this notation, the result obtained by Biot and Savart can be expressed mathematically
by saying that their force exerted by a current element on a magnetic pole should be proportional to:

mids sin�

r2
: (6.5)

As will be seen in Section 9.7, Biot obtained erroneously, from his experimental data, that the force
exerted by a bent wire acting on a magnetic pole should be given by an expression like equation (6.2). Later
on he needed to correct this expression, as will be discussed in Section 9.7. He made also a theoretical
mistake in assuming that it would be possible to deduce an in�nitesimal force exerted by a current element
acting on a magnetic pole beginning only with the integrated result of the macroscopic force exerted by a
bent wire. After all, as shown by Hofmann’s counterexample, it is possible to have two or more elementary

15[Biot, 1821a, p. 123], [Biot, 1885a] and [Hofmann, 1982, p. 242].
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forces which are di�erent from one another, although both of them yield the same integrated result for a
speci�c con�guration. For the time being we will not discuss these aspects of Biot’s work. They will be
discussed in detail in Section 9.7 and in Chapter 17.

6.3 An Unexpected Result for Amp�ere: The Case of Equilibrium
of Orthogonal Currents

In Sections 6.1 and 6.2 we discussed Biot and Savart’s experiments presented to the Academy of Sciences of
Paris with the straight and bent wires at the meetings of 30 October and 18 December 1820, respectively.
Consider a long straight wire and a magnetic particle located in the same vertical plane. According to their
results, the force exerted by the wire on the magnetic particle should always be in a horizontal plane. When
the distance c between the particle and the wire is constant, this force will always have the same intensity,
no matter the inclination between the wire and a horizontal straight line belonging to this vertical plane.
Let b represent this angle between the wire and the horizontal, �gure 6.7.16

Figure 6.7: A long straight wire located in the vertical plane of the paper, making an angle b with the horizontal.
A small horizontal magnetized needle has its center at a distance c to the wire.

Suppose now there is a small horizontal magnetized needle pointing along the local magnetic meridian,
suspended by a vertical thread passing above its center of gravity. This needle is located in the same vertical
plane of the wire. If the distance c between the wire and the center of the needle is great compared with the
length of the needle, then the intensity of the torque exerted by the current-carrying wire and acting on the
needle will not depend on the angle b, according to Biot and Savart’s conceptions. That is, with a constant
distance c this force will be independent of the angle b. Likewise, the period of small oscillations of a small
magnet in the horizontal plane suspended by a vertical thread will not depend on the angle b, considering a
constant distance c between this center of the magnet and the wire.

Amp�ere was suspicious of this conclusion based on Biot and Savart’s conceptions. At this time, between
December 1820 and January 1821, he considered that n=m = 0 in his equation (4.8), or that k = 0 in
equations (2.1) and (2.2). Amp�ere did not work with magnetic poles, considering all magnetic e�ects of the
magnets as being due to electric currents 
owing through them. Initially he assumed that these supposed
equivalent electric current loops followed concentric circles which were orthogonal to the axis of this small
cylindrical magnet. He then supposed n=m = k = 0 in his force between two current elements and calculated
the torque exerted by the wire of �gure 6.7 acting on the ensemble of these equivalent electric circuits. He
obtained that the intensity of this torque was proportional to:17

1 + sin2 b

c
: (6.6)

That is, according to Amp�ere this torque should depend on the angle b. The torque, in particular, should
double its intensity when we go from b = 0 rad to b = �=2 rad. Amp�ere’s torque should depend also on the
sense of the current, reversing its sign by reversing the current’s sense.

He then imagined an experiment with which he could distinguish his own theory from that of Biot and
Savart. In this experiment two long straight wires are placed in a vertical plane, one of them horizontal and

16[Hofmann, 1982, pp. 317-328] and [Hofmann, 1996, pp. 271-274 and 322-323].
17[Amp�ere, b, carton 8, chemise 166], [Hofmann, 1982, p. 323] and [Hofmann, 1996, p. 272].
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the other vertical, as in �gure 6.8.18

Figure 6.8: A vertical wire and a horizontal wire carry currents of the same intensity, being at equal distance c from
the center of a small cylindrical magnet which has its center in the same vertical plane formed by these wires. The
magnet can turn in the horizontal plane around the vertical thread holding it.

Amp�ere supposed that the vertical plane formed by both wires coincided with the local magnetic meridian.
He also supposed a small horizontal magnet suspended by a vertical thread, with the axis of this magnet
initially oriented along the terrestrial magnetic meridian. The center of the magnet was located at the same
distance c from both wires. He modeled this magnet electrodynamically, that is, as an ensemble of concentric
circles carrying steady currents. These equivalent electric circuits were located in planes orthogonal to the
axis of this small cylindrical magnet. Moreover, he supposed this distance c much larger than the length ‘
of the small magnet, c � ‘.

Amp�ere then predicted what should happen with the magnet when a current of the same intensity 
owed
in both wires, with both of them 
owing towards the junction of both wires or away from this junction.
According to Biot and Savart’s conclusions, the torques exerted by these wires should have the same intensity
and opposite senses. Therefore, the small magnet should remain stationary along the magnetic meridian.
According to equation (6.6) obtained by Amp�ere, on the other hand, the magnet should no longer remain
in its equilibrium orientation along the magnetic meridian. He made this prediction on 15 January 1821.
It seems that he intended to publish his calculations, as there is a copy of his chemise 166 containing these
calculations in a format ready for publication.19

He performed the experiment together with C�esar-Mansu�ete Despretz (1798-1863) �ve days later, on his
forty-sixth birthday, 20 January 1821.20 The magnet did not move! We will call this experiment the case of
equilibrium of orthogonal currents.

The result of this experiment was a con�rmation of Biot and Savart’s theory and a refutation of Amp�ere’s
prediction based on equation (6.6). This wrong prediction was based on Amp�ere’s belief at this time that
the coe�cient n=m in his equation (4.8), should be null, n=m = 0, or that equivalently k = 0 in equations
(2.1) and (2.2). At this time Amp�ere was totally convinced that n=m = k = 0 in his force between current
elements. Despite the negative result of this experiment, he did not doubt that the constants n=m or k
should have a non-zero value.

On the other hand, if he had performed the same calculations utilizing his complete equation (2.1) or
(2.2), he would had obtained a torque intensity exerted by a single long straight wire acting on a small
magnet as given by:21

(1 � k) + (1 + 2k) sin2 b

c
: (6.7)

18[Hofmann, 1982, pp. 317-328] and [Hofmann, 1996, pp. 271-274 and 322-323].
19[Amp�ere, b, carton 8, chemise 166].
20[Amp�ere, b, carton 8, chemise 166], [Amp�ere, 1823a, p. 21], [Amp�ere, 1822h, p. 343], [Hofmann, 1982, p. 325] and

[Hofmann, 1996, pp. 272-273].
21These detailed calculations can be found in: [Hofmann, 1982, Appendix C, pp. 454-462].
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Therefore, the torque intensity exerted by the horizontal wire (b = 0 rad) located below the magnetized
needle of �gure 6.8 would be then proportional to (1 � k)=c. The torque exerted by the vertical wire of
this �gure with b = �=2 rad, on the other hand, would point in the opposite sense of the previous torque,
being proportional to (2 + k)=c. The net torque due to both wires would be then proportional to (1 + 2k)=c.
Utilizing this theoretical prediction and the negative result obtained in this experiment performed with
Despretz showing a zero net torque, Amp�ere might have concluded that k = �1=2. He might had arrived at
this conclusion as early as January 1821, provided he had performed these calculations.

He might also have concluded that k = �1=2 by performing experiments with a single wire and varying
the angle b of inclination of the wire to the horizontal, observing that the torque intensity experienced by the
magnetized needle was independent of b. According to equation (6.7) he would then conclude that k = �1=2.
As a matter of fact, however, he only arrived at this correct value of k one year later, utilizing a completely
di�erent experiment, as will be discussed in Section 7.5.

However in 1821 Amp�ere did not perform any of these generic calculations leading to equation (6.7).
This experiment had a profound impact on him. He gave up publishing this new memoir and remained in
silence for two years. He only mentioned this experiment in 1823,22 after obtaining the �nal value of his
force between current elements with k = �1=2. Only then could he explain quantitatively the null result of
his experiment performed with Despretz utilizing his own force law, as will be fully discussed in Section 9.8.

22[Amp�ere, 1823a, pp. 20-21], [Amp�ere, 1822h, pp. 342-343] and [Hofmann, 1982, p. 325].
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Chapter 7

How Amp�ere Obtained the Final
Expression of His Force between
Current Elements

7.1 Faraday’s Experiment of Continuous Rotation

The �rst phase of Amp�ere’s electrodynamic researches began in September 1820 with the announcement of
�rsted’s discovery, and continuing to January 1821. He then interrupted his researches due to illness and
fatigue.1 Another reason for stopping his studies at this moment should certainly be related to his prediction
of 15 January 1821, followed by the disappointing refutation obtained with his own experiment of 20 January
1821, as discussed in Section 6.3.

In September 1821 Faraday announced a discovery which made Amp�ere return to his researches. He found
how to produce a continuous rotation of the extremity of a current-carrying wire around a �xed magnet and
also how to produce the rotation of the extremity of a magnet around a �xed current-carrying wire.2 Figure
7.1 presents Faraday’s illustration of 1822 describing this experiment.3

At the upper portion of this �gure there are two glass cups �lled with mercury. In the left side, the
upper extremity of the magnet rotates around the vertical current-carrying wire �xed in the ground. In
the right side, the lower extremity of the current-carrying wire rotates around the upper pole of the �xed
vertical magnet. In the left lower portion of this �gure there is a portable apparatus which Faraday sent to
some scientists, including Amp�ere. In this instrument a wire can turn around a magnetized bar of soft iron
when the lower portion of the wire is in contact with mercury and a constant current is 
owing in the wire.4

The sense of rotation of these instruments is reversed when only the polarity of the magnet is reversed, or
when only the sense of the current is reversed. By reversing simultaneously the sense of the current and the
polarity of the magnet, the sense of rotation of the mobile portion of this instrument remains the same.

Faraday informed Amp�ere of his discovery on 18 October 1821, sending him his portable instrument of
�gure 7.1. This event marked the beginning of Amp�ere’s second phase of researches, culminating with his
obtaining the �nal value k = �1=2 of the constant appearing in his force law given by equation (2.1). In a
letter to Faraday dated 10 July 1822, Amp�ere mentioned that:5

His discoveries enriching physics with new facts are the main cause of what I could add to what I had
done for two years regarding electrodynamic phenomena.

Figure 7.2 presents the situation in which the lower extremity of the current-carrying wire rotates around
the �xed magnet. It indicates the sense of the current, the poles of the magnet and the sense of rotation of
the wire. In this con�guration the force acting on the wire is leaving the paper. According to many authors,
this instrument is considered the �rst electric motor, being called Faraday’s motor.6

1[Blondel, 1982, p. 103].
2[Faraday, 1822e], [Faraday, 1822d], [Faraday, 1952d] and [Faraday, 1952b].
3[Faraday, 1822a] and [Faraday, 1952a].
4Recently a historic and didactic reproduction of this small instrument has been published, [Hottecke, 2000].
5[Amp�ere, e], [Amp�ere, 1885g, p. 293], [Launay (ed.), 1936a, pp. 586-592] and [Blondel, 1982, p. 110, n. 2].
6[Silva and Labur�u, 2009].
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Figure 7.1: Faraday’s instruments showing continuous rotation of the extremity of a current-carrying wire around a
�xed magnet or the rotation of the extremity of a magnet around a �xed current-carrying wire.

Figure 7.2: Illustration of the main elements of Faraday’s instrument in which the extremity of a wire carrying a
current i rotates with angular velocity ! around a magnet NS.

7.2 Amp�ere’s Initial Experiments on Continuous Rotation

7.2.1 Reproduction of Faraday’s Experiments

Amp�ere became fascinated by Faraday’s discovery, as it presented an e�ect which he had not predicted.
After reproducing these experiments with the portable instrument which Faraday had sent him, Amp�ere
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began to develop new results. Initially he replaced the mobile conductor by another conductor in the shape
of a horseshoe, like the inverted letter U . The lower portions were connected to a crown or cylinder. He
replaced the mercury by acidulated water, increasing the mobility of the system and increasing its rotation
rate, presenting his results to the Academy of Sciences of Paris on 3 December 1821.

One of his experiments is shown in �gure 7.3.7 The mobile circuit is the horseshoe conductor LOM . The
current 
owed downward along the branches OL and OM . There was a metal ring soldered to the lower
portion of this mobile conductor. The whole system 
oated in acidulated water. The current passed through
the acid going then along the SN wire. A magnet might be placed below the system in positions AB, AB0

or AB00. In all these cases the mobile circuit LOM turned around the vertical axis AKO coinciding with its
axis of symmetry.

Figure 7.3: The horseshoe conductor turns around its axis relative to the ground when a constant current 
ows
through it with a magnet placed below the system. The arrows indicate the directions of the current.

Amp�ere succeeded also in eliminating the external battery by working with conductors made of di�erent
metals, as shown in �gure 7.4.8

The mobile portion of this instrument is the conductor LOM of �gure 7.5, made of copper.9 It was
placed in the container ABCD of �gure 7.4. A system of vertical magnets is placed below the center of
the container ABCD, with their homologous poles pointing towards the same side (that is, with all North
poles above the South poles, or with all South poles above the North poles). The container ABCD and
the horseshoe conductor EF were made of zinc, the same material of the lower cylinder G, soldered to
the horseshoe EF . When acidulated water was placed in the container ABCD, a constant current 
owed
through the closed circuit. The current 
owed upwards by the arms LO and MO of the mobile conductor,

owing downwards along the vertical axis OIHF . When this happened, the mobile conductor LOM rotated
continuously around its central vertical axis OI. Its sense of rotation, clockwise or anti-clockwise, depended
on the orientation of the magnets placed below the container ABCD.

This apparatus is extremely interesting, as an external source of power is not necessary in order to obtain
a continuous rotation. The instrument itself is a battery. It is composed of di�erent metals, copper and zinc,
connected by a liquid conductor. Therefore, connecting wires are not necessary as well.

7.2.2 Obtaining Continuous Rotation Only with Terrestrial Magnetism

Amp�ere was the �rst scientist to obtain continuous rotation of a conductor utilizing only terrestrial mag-
netism, without the presence of any other magnet. In this case his mobile conductor was made of two
horseshoes orthogonal to one another, soldered to a circular ring, as shown in �gure 7.6. This ring had a
large diameter so that the Earth might exert a great electromagnetic torque even with small currents 
owing
through it, as the arm of the lever was large. Moreover, Amp�ere utilized acidulated water which o�ered
less mechanical resistance than Faraday’s mercury. In this way Amp�ere succeeded in obtaining a continuous

7[Amp�ere, 1823b], [Amp�ere, 1822l] and [Amp�ere, 1885h].
8[Amp�ere, 1821e].
9[Amp�ere, 1821e, �gure 21].
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Figure 7.4: Another instrument with which Amp�ere obtained continous rotation.

Figure 7.5: Mobile conductor of the instrument of �gure 7.4.

rotation of his conductor around the central vertical axis of the system relative to the ground when the
current-carrying conductors were under the action of terrestrial magnetism.10

Amp�ere presented his results to the Academy of Sciences of Paris at the meeting of 10 December 1821,
with the following words:11

By removing the magnets and replacing the mobile conductor by another conductor represented in �gure
23 [our �gure 7.6], M. Amp�ere observed this conductor, under the action of the Earth, turn slowly and
constantly, from East to West through the South. When the austral [North] pole of a magnet was placed
below the conductor and close to it, the conductor is made to turn in the opposite direction; returning
to its initial motion by removing the magnet.

10[Amp�ere, 1821e, �gure 23].
11[Amp�ere, 1821e].
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Figure 7.6: With this instrument Amp�ere obtained a continuous rotation utilizing only the in
uence of terrestrial
magnetism.

7.2.3 Rotation of a Magnet around Its Axis

In his original article describing the discovery of a continuous rotation of one extremity of a current-carrying
wire around a magnet, as well as the rotation of one extremity of a magnet around a current-carrying wire,
Faraday stated the following:12

Having succeeded thus far, I endeavoured to make a wire and a magnet revolve on their own axis by
preventing the rotation in a circle round them, but have not been able to get the slightest indications
that such can be the case; nor does it, on consideration, appear probable.

Amp�ere, on the other hand, considered that this new kind of motion might be produced in the laboratory.
He was also the �rst to obtain it experimentally. He communicated his discovery to the Academy of Sciences
of Paris in 7 January 1822.13 The essence of this experiment can be visualized by means of �gure 7.7.14

Figure 7.7: The magnet NS 
oats in mercury with the help of the counterweight P in its lower extremity. At the
upper extremity of the magnet there is a cavity Z �lled with mercury. The electric current i 
ows down along DZ,
leaving laterally along GF . There is a metal ring GH connected to the mercury. In this con�guration the magnet
turns around its axis relative to the ground.

In order to obtain continuous rotation of a magnet around its axis, Amp�ere initially 
oated it in mercury
by the help of a counterweight in its lower extremity. By closing the circuit, a constant current i 
owed
vertically downwards through the upper extremity of the magnet, leaving laterally along its lower portion
and going through the mercury. When this constant current was 
owing through the magnet, it rotated
around its axis relative to the ground. Amp�ere’s original illustration of this device appears in �gure 7.8.15

12[Faraday, 1822e, p. 79] and [Faraday, 1952d, p. 798].
13[Amp�ere, 1822d], [Amp�ere, 1822e], [Amp�ere, 1885d] and [Blondel, 1982, pp. 114-115].
14[Blondel, 1982, p. 115].
15[Amp�ere, 1822d, Amp�ere, 1822e, Amp�ere, 1885d, �gures 7 and 8].
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Figure 7.8: With this instrument Amp�ere was the �rst scientist to obtain a continuous rotation of a magnet around
its axis, a phenomenon Faraday considered improbable to take place.

Amp�ere’s description of his experiment:16

According to what came before [Amp�ere had reproduced Faraday’s experiment of continuous rotation],
the motion of translation of the magnet takes place whenever it is only traversed by currents entering
it from one side and leaving from the other [side]; however, by making all [currents] penetrating the
magnet, or making all of them leaving from it, only a motion of rotation of the magnet around itself
will result. In order to produce this motion, a motion which I was the �rst to obtain, mercury is placed
on the upper cavity of the cylindrical bar cc0 (�gure 8 [our �gure 7.8; this cylindrical bar is magnetized,
with its North pole in the upper extremity and its South pole in the lower extremity, the magnet kept

oating vertically with the help of the counterweight P ]), and the wire Z is immersed in it [that is, the
wire Z of Amp�ere’s original �gure, our �gure 7.8, is immersed in the mercury �lled upper cavity of the
magnet]. In this con�guration all currents diverge from the axis of the magnet towards the copper ring
[that is, towards the copper ring HIG of Amp�ere’s original �gure 7, our �gure 7.8].

In the same paper Amp�ere described how he obtained the rotation around its axis of a current-carrying
wire.

Nowadays it is easy to obtain continuous rotation of a magnet around its axis. All that is necessary is a
common battery, a screw and a small powerful magnet, as in �gure 7.9.

This �gure should be considered in the vertical plane. When the screw made of iron or steel is placed
closed to the strong magnet, it is attracted towards it. It remains attached to the magnet and also becomes
magnetized. The screw-magnet system behaves then as Amp�ere’s single magnet. The screw-magnet system
is put close to the vertical battery. This system is attracted towards the metallic portion of the battery.
The battery can be suspended by the hand while the screw-magnet system will be connected to the negative
terminal of the battery through the tip of the screw. The circuit is then closed by connecting the extremity of
a copper wire to the upper positive terminal of the battery, while the free extremity of the wire is connected
through a sliding contact to the side of the magnet. A constant current i then 
ows through the whole
circuit. At this moment the screw-magnet system begins to rotate around the vertical axis of the battery,

16[Amp�ere, 1822d, pp. 70-71], [Amp�ere, 1822e, pp. 247-248] and [Amp�ere, 1885d, pp. 201-202].
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Figure 7.9: A magnetized screw rotates with angular velocity !, together with the magnet NS attached to it, around
the axis of the battery, when there is a constant current i 
owing in the circuit. There is a sliding contact between
the wire and the magnet.

relative to the ground, with a great angular velocity !. By �xing the battery and the wire in our hands,
only the screw-magnet system will rotate relative to the ground. There is a very low friction between the
tip of the screw and the lower extremity of the battery. The screw-magnet system soon attains a fast and
constant rate of rotation relative to the ground.

In Section 21.3 we will discuss di�erent mechanisms trying to explain this rotation of a magnet around its
axis. Amp�ere was the �rst to predict this phenomenon and also the �rst scientist to realize it experimentally.
Therefore, we will call it Amp�ere’s motor.17 This nomenclature seems more appropriate than other names
suggested in the literature, like \homopolar motor" or \unipolar motor".18 Nowadays it is so simple to
construct this apparatus that it also received the name of \the world’s simplest motor".19

7.2.4 Obtaining Continuous Rotation Utilizing Only Current-Carrying Wires

One of Amp�ere’s initial projects was to reproduce all magnetic and electromagnetic phenomena electrody-
namically, that is, utilizing only current-carrying wires. By following this goal, he succeeded in obtaining a
continuous rotation without utilizing permanent magnets. Continuous rotation was also obtained without
the in
uence of terrestrial magnetism. According to a letter addressed to Van Beek,20 Amp�ere performed this
experiment on 27 March 1822. In this case he obtained continuous rotation of a current-carrying conductor
due to the action of another current-carrying conductor. This second current-carrying conductor replaced
the vertical magnet which was located below Faraday’s original instrument. That is, Faraday’s magnet was
replaced electrodynamically by concentric horizontal loops, �gure 7.10. He published his experiments in
1822.21

In this experiment the current 
ows upwards along the central axis SS0, 
ows radially outwards along
the horizontal radial conductors S0E and S0F , and 
ows downwards along the vertical lateral axes ED and
FG of the mobile conductor DEFGHD 
oating in acidulated water �lling the container ABC, so that the
mobile conductor can rotate around its central axis relative to the ground. The electric current leaves the
acid through conductors connected to cups S00 and S000. The circuit is closed by connecting these cups S00

and S000 to one of the terminals of the battery, with its other terminal connected to cup S. Another electric
current 
ows in the direction ABC through �xed horizontal concentric circular loops located at the base of
the mobile conductor. Amp�ere made 10 or 12 turns in his loops, forming planar spirals superimposed on one
another, with the wires having silk insulation to prevent electrical contact between them. The instrument of

17[Assis and Chaib, 2012] and [Chaib and Assis, 2013].
18[Guala-Valverde and Mazzoni, 2001], [Guala-Valverde et al., 2002], [Bednarek, 2002], [Kagan, 2005],

[Sugimoto and Kawada, 2006], [Stewart, 2007], [Munoz, 2007], [Wong, 2009a] and [Wong, 2009b].
19[Chiaverina, 2004], [Schlichting and Ucke, 2004a], [Schlichting and Ucke, 2004b] and [Schlichting and Ucke, 2004c].
20[Amp�ere, 1821d, p. 467], [Amp�ere, 1822x, p. 198] and [Amp�ere, 1885o, p. 236].
21[Amp�ere, 1822d], [Amp�ere, 1822e] and [Amp�ere, 1885d].



126 A. K. T. Assis and J. P. M. d. C. Chaib

Figure 7.10: Amp�ere’s instrument to obtain a continuous rotation utilizing only current-carrying conductors. He
did not employ magnets or terrestrial magnetism.

�gure 7.10 is similar to the instrument of �gure 7.4. In �gure 7.10 there is an ensemble of circular loops with
the current 
owing around ABC. In �gure 7.4, on the other hand, there is an ensemble of vertical magnets
placed below the central portion of the container ABCD.

In order to explain continuous rotation utilizing his force between current elements, Amp�ere utilized the
following consequence which he had drawn from his initial electrodynamic researches:22

[...] there exists attraction between two voltaic conductors forming a right angle when the electric current
passing through them 
ows in both [conductors] towards or away from the common perpendicular which
measures the shortest distance between them, and a repulsion takes place when one of the current 
ows
away from this perpendicular and the other [current] 
ows towards it, [...]

We can understand this quotation utilizing �gure 7.11. The straight segments AC and DF are orthogonal
to one another. They are also orthogonal to the segment BE connecting their midpoints. There is a current
i 
owing in AC and a current i0 
owing in DF .

Consider �rst the situation of �gure 7.11 (a). According to Amp�ere, there is attraction between AB and
DE as both currents 
ow towards BE. There is also attraction between BC and EF because the currents
in these segments 
ow away from BE. Segments AB and EF , on the other hand, repel one another because
the current in one of these segments 
ows towards BE, while the other current 
ows away from BE. For
the same reason, there is repulsion between BC and DE.

Consider now the situation of �gure 7.11 (b). According to Amp�ere, there is repulsion between AB and
DE and another repulsion between BC and EF . There is attraction between AB and EF and another
attraction between BC and DE.

Amp�ere then presented �gure 7.12, in which D and G represent the projections of the vertical currents
coming down from the mobile lateral conductors DE and FG of �gure 7.10. The segments lKL and l0K 0L0,
on the other hand, represent two portions of a single horizontal circular loop placed below the base of the

22[Amp�ere, 1822d, p. 62], [Amp�ere, 1822e, p. 239] and [Amp�ere, 1885d, pp. 194-195].
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Figure 7.11: (a) Attraction between current-carrying conductors AB and DE. (b) Repulsion between current-
carrying conductors AB and DE.

mobile conductor. This circular loop is �xed in the laboratory and there is a constant current 
owing through
it following the arrow directions.

Figure 7.12: Amp�ere’s explanation of continuous rotation.

According to Amp�ere, the conductor FG with the current 
owing downwards is attracted by lK and
repelled by KL. The net e�ect of these two actions is a force acting on FG, directed from L towards l.
The segment DE with the current 
owing downwards is attracted by l0K 0 and repelled by K 0L0. The net
e�ect of these two actions is a force on DE, directed from L0 towards l0. Therefore, when the current in the
horizontal circular loop 
ows clockwise in the direction lKLl0K 0L0, the mobile conductor will be under the
action of a torque making it turn anti-clockwise around the vertical axis passing through the center of the
circular loop. Amp�ere described the sense of rotation of the mobile conductor with the following words:23

Then these two forces combine into a single force tending to turn the [vertical] wire in the opposite sense
of the current in the [horizontal] spiral. This new force combines with the previous one, and similar
actions are renewed in each position of the [vertical] wires, the whole system of the mobile conductor
turns continuously, in opposite sense of the current in the spiral, during the time interval in which the
communication [with the external battery] is maintained.

In just a few months Amp�ere not only reproduced Faraday’s experiment of continuous rotation, but also
produced many new phenomena of continuous rotation.

7.2.5 Distinction between Continuous Rotation and Continuous Revolution

Amp�ere distinguished Faraday’s original experiments, described in Section 7.1, from the experiment described
in Subsection 7.2.3 in which a magnet rotated around its own axis. He made a conceptual distinction between
these two kinds of experiments. This distinction a�ected his explanations of these di�erent motions described
by the magnet. In Faraday’s original experiment one of the poles of the magnet was along the vertical axis
of rotation, while the other pole described a circular motion around this axis. In Amp�ere’s own experiment,

23[Amp�ere, 1822d, p. 62], [Amp�ere, 1822e, p. 239] and [Amp�ere, 1885d, p. 195].
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on the other hand, the magnet rotated around its own axis, so that both poles of the magnet were along the
axis of rotation.

The most common nomenclature which he utilized in order to describe Faraday’s original experiment
was \continuous revolution" or \continuous translation". The expression which he utilized to describe the
rotation of a magnet around its axis, on the other hand, was \continuous rotation". He utilized the words
\revolution" and \rotation" in analogy with the motion of the Earth in the solar system, relative to the
background of �xed stars. That is, the Earth rotates daily around its axis, while it has a translational
motion, or annual revolution around the Sun, with a period of 365 days. In some of his works Amp�ere did
not make this distinction between the motions of the magnet, calling both phenomena \continuous rotation".

Amp�ere explained the conceptual distinction between these two kinds of motion of the magnet in two
letters addressed to Gherardi (1802-1879), one of them from 1825 and the other from 1826.24 This distinction
was also discussed in the Th�eorie.25

We will not discuss this conceptual di�erence in this book, calling both phenomena simply \continuous
rotations". In addition we will not discuss Amp�ere’s explanation for continuous revolution, which was
di�erent from his explanation for continuous rotation. Our only goal in this Subsection is to call attention
to the di�erent nomenclatures Amp�ere utilized.

7.3 Amp�ere’s Crucial Experiment

7.3.1 Amp�ere’s Wrong Prediction

In the sequence of his experiments, Amp�ere imagined that he could obtain a continuous rotation utilizing
astatic coils like those described in Subsection 4.3.2. This prediction appeared in a manuscript which has
never been completely published, namely, chemise 206 bis, �gure 7.13.26

Amp�ere did not specify his motivations to perform this crucial experiment.27

He was probably only re�ning his experiments described in Section 7.2. He had already reproduced
Faraday’s experiment of continuous rotation. He had also produced continuous rotations in several new
con�gurations, namely: continuous rotation due only to the in
uence of the Earth; continuous rotation of
a magnet around its axis; rotation of a current-carrying wire around its axis, a subject which we do not
discuss in this book; and rotation of a conductor having the shape of the inverted letter U , due to a circular
current loop located under the base of the mobile conductor. In this last experiment, in particular, he had
produced continuous rotation of a current-carrying conductor around another current-carrying conductor,
without utilizing magnets or the magnetic in
uence of the Earth, as described in Subsection 7.2.4. In all
these con�gurations he utilized a liquid conductor which might be mercury or acidulated water. Maybe he
thought of his crucial experiment as a possibility of producing continuous rotation utilizing only current-
carrying conductors, without the presence of any conducting liquid. Alternatively, he may have intended to
replace the mobile conductor of �gure 7.10, analogous to the mobile conductor of �gure 7.6, by an astatic
coil.

As discussed before, with the instrument of �gure 7.10 Amp�ere obtained, in March 1822, continuous
rotation of a mobile conductor due to the action of a circular current loop. The current 
owed from one
extremity of the battery, upwards along the central axis SS0 of the mobile conductor, went laterally along
the horizontal radial conductors S0E and S0F , 
owing downwards along the two vertical conductors ED and
FG, which were 
oating in the acidulated water placed in the vessel ABC. The voltaic circuit was closed
by connecting this acid to the other extremity of the battery. Maybe Amp�ere was thinking of performing
an experiment similar to this one utilizing now an astatic coil as that of �gure 4.16 in order to avoid the
presence of the conducting liquid, working only with rigid conductors.

At this moment Amp�ere made a prediction of what to expect from this experiment, a prediction which
turned out to be refuted by his later experiment. This prediction did not appear in any of his publications,
being stated only in a manuscript which has never been completely published, �gure 7.13.

24[Amp�ere, 1825b], [Amp�ere, 1887b] and [Amp�ere, 1825a], [Amp�ere, 1827c] and [Amp�ere, 1887a].
25Continuous revolution or continuous translation: [Amp�ere, 1826f, pp. 4-5, 118-121, 167, 172 and 197] and [Amp�ere, 1823c,

Amp�ere, 1990, pp. 176-177, 290-293, 339, 344 and 369] and [Amp�ere, 1965b, pp. 155-156]. Continuous rotation:
[Amp�ere, 1826f, pp. 16, 22, 37, 49, 59, 88, 101, 108, 111, 113, 119-121, 124-125, 153, 167, 172-177, 181 and 187] and
[Amp�ere, 1823c, Amp�ere, 1990, pp. 188, 194, 209, 221, 231, 260, 273, 280, 283, 285, 291-293, 296-297, 325, 339, 344-349,
353 and 359] and [Amp�ere, 1965b, pp. 163-164, 167-168, 180-181, 187-188 and 194-196].

26[Amp�ere, b, carton 11, chemise 206 bis].
27We are utilizing the word crucial in this Section with the same meaning adopted by Hofmann in his PhD thesis of 1982, The

Great Turning Point in Andr�e-Marie Amp�ere’s Research in Electrodynamics: A Truly \Crucial" Experiment, [Hofmann, 1982].
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Figure 7.13: Amp�ere's Crucial Experiment.

Amp�ere's prediction as contained in this manuscript:28

A closed circuit can never be transported parallel to a wire. However, it seems to me that it can be made
to rotate inde�nitely in the same direction in this apparatu s: [here Amp�ere presented our �gure 7.14]:

Soon after this �gure, Amp�ere justi�ed his prediction of a c ontinuous rotation due to a supposed net
torque acting on the mobile circuit, namely:29

This is because the sum of the moments of the parallel forces is not zero, even though their sum is
zero.30 In the circuit ABCD , the forces exerted on the four sides will sum to zero, but their moments
will not; this is because those on AB will vanish, and these moments will not be able to cancel those of
the corresponding forces onCD , since the moments of the forces onAD and BC have respective lever
arms shorter than those of the forces on CD .

Amp�ere therefore predicted a continuous rotation with thi s apparatus. When he wrote this manuscript,
he still assumed that k = 0 in equations (2.1) and (2.2), and that n=m = 0 in equation ( 4.8). If these

28 [Amp�ere, b , carton 11, chemise 206 bis] and [Hofmann, 1996, p. 300].
29 [Amp�ere, b , carton 11, chemise 206 bis] and [Hofmann, 1996, p. 300].
30 That is, although the net force acting on the mobile circuit is zero, th e net torque is di�erent from zero.
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